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ABSTRACT

.
h

-

This thesis presents a general discussioﬁ£§¥.Eﬁe prob1ems involved
in estimating the Circular Probable Erroigggc' y
Shsafiids A couparison is made between the estimates of the CEP under
two distinct models, The models are identical except for the location
of the mean vector in relation to the target., The assumption of depene
dence i1s made in both wodels and the resulting estimates are compared i

with the corresponding estimates obtained under the assumption of inde-

pendence, Confidence interval-estimates of the CEP are also presented,
T™wo methods of removing outlier or #laverickY observations are introe
duced and some of the possible effects on the estimated CEP are discussed.

The different estimating procedures are illustrated with three numerical

problenis,
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The tera "CiI'" is faniliar to most iaval CIficers, but the uncerlying

assumptions upon wvhich this measure of effectiveness iceis are often

misunderstood, Therefore, it is the objective of this thesis to explain

as fully as possible vhat the CIF is and to illustrate some of the

methods available to estimate the Cil,
The QIF wvas initially developed in order to give some criterion for §
reasuring the expeeted effectivenesé_of a particular weapon system and to % ‘
agive sorie means [ox comparing similar weapon systems or weapons., In
order to develop this éritcrion, it is essential that the assuptions
vsed are well understood and established, ‘The approach most often used

is to assume that the errors in and across the line of sigit are inde-

pendent and that the variances are cqual with the justification that
thcse'assunmtions produce a negligible error. llowever, an crror may be

] introduced and it is necessary to at least understand vhat is buing
assumed before making judgement on the legality of any assumption., <This
thesis therefore, attenpts to cxplain such assumptions and to compare
-possible results of waking certain assuiptions in three exawple nroblems,
Thc problems are all ficticious and utilized only for the purpose of

explaining the estimating procedures and assumptions,

“he thesis is primarily directed at the reader with a college backe

ground in calculus, some matrix theory, and some fcel for basic proba-
bility and statistical procedures, The contents are arranged in six
sections and throc appendices, 3ection I is an introduction to the probe

lem and the basic mathematical concepts which will be used, Sections II

iii




and I[II introduce the most commonly used estimating procedures, Section
IV explains the problem of deleting outlying observations from the deter=
mination of the estimate, Section V introduces the confidence interval,
Section VI 1s a summary of the techniques used in the previous sections,
Appendix A is concerned with the Tfthematical techniques which are used
to explain and transform the true orientation of the dependent Qariables.
Appendix B explains two methods of obtaining unbiased estimates of the
CéP. Appendix C explains in detail the methods of integrations used,

It is recommended that Appendices A and C be studied before starting
Section II,

This thesis was written during the period JanuaryeJune 1962 at the
United States lNaval Post Graduate School, Monterey, California, I wish
to express ﬁy»graticuda to Professor J, Re Borsting for his continued
patience, encouragement, and most competent guidance while acting as
faculty advisor, and to Professor Max Woods for his continuous aid and
technical understanding of the problem while acting as second reader,

I also wish to thank my wife for the moral, clerical, and artistic

assistance given me during the writing of this thesis as well as the

past two years,
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SECCION I

INTRODUCTION TO TiZ PROULEN

1.1 General Discussion of the Circular Probable Error

The problem of determining useful estimates of the parameters
which describe the distribution of the fall of shot about a target is
directly related to the high cost of testing expensive weapun systems.,
Since relatively few tests are allowed because of this expense, it is
not improbable that a good weapon system could be completely rejected
because of inefficlent utilization of the small amount of data available,
Also, the size and yield of the warhead is diractly related to the estie
mated parameters, If the estimated variance is large, the effective
radius will alsc have to be large to cover the target cowmplex, and in
turn the missile will not be ahle to reach the range of the same missile
with a smaller warhead, The most efficient use of the limited data will
thus greatly reduce the risk involved in reducing the warhead size and
increase the potential range., It also may aid in weapon deployme:at or
assignment to larger targets because of the greater confidence that can
bYe placed in the estimates. It seems logical that if a great deal of
coniidence can be placed in the weapon, fewer weapons will have to be
assigned to a target, thus releasing some weapons for other targets,
The lmpérhant point is that the confidence placed on the estimators
must be high enough to reduce the risk involved and provide a sound
basis for decision,

(na method, which is comwonly used, to measure and compare the

estinated parameters, 18 called tne circular probable error or CBP

methods The CEP is defined as the radius of the circle with cenécr




at (ux,uy) which includes 507% of a bivariate probability mass. The
illustration in figure (1) shows the form of thia function, It is to
be noted that most of the volume under the curve is centered at the tare
get and decreases as the distance increases from the target, This pare
ticular function is well founded historically on the basis of the

analysis of observations from long range gun fire,

i

(&Y

X AXis

S0% of Volume
Und
er -é lgm

Bivariate Probability )Mass
Figure 1
The bivariate normal distribution is a generalization of the normal
distribution of a single variate and is bell shaped as showm in figure (1)
sbove, Any rlane parallel to the x,y plane that cuts the surface will

intersect the bell in the elliptical curve shown in figure (2),

o S sy e




Bivariate Density Function which has been
Cut by a Plane Parallel to the x,y Plane,

Figure 2
¢ Any plane perpendicular to the x,y plane will cut the surface in

a curve of the normal form as shown in figure (3).

- (4 Jot“ﬁ ~

Bivariate Density Function which has been Cut
by & Plane Perpendicular to ths x,y Plane,

Figure 3
The bivariate density function actually represents a five parameter
family of distributions, the parameters being the means ("x'"y)’ the

vutmuaq;'. q;ﬁ and the correlation coefficient (°. This function is

Y symuatric about the means and hes its greatest value at the polat (u,u.).
It should also be noted that i{f the errors in the x and y directions are
independent and the variances equal, then the distributicn will be in
the shape of a bell with two of the opposites sides "pushed in" an




equal amount, The effect of the variance is shown in figure (4).

vru-

e (ux: Uy)

Two Bivariate Densitv Functions with
Different Variances about (ux,uy): Side View

Figure & é

If the variances are equal, a plane cutting the surface, a§ in
figure (2), will intersect the bell in a circle,

The height of the curve, forming the density function, at any !
point "a" is related to the probability of that point, Since this funce
tion is continuous, the probability must be expressed in the form of an
interval since the probability of any single point is zero. llowever,

the probability that a .i...'v. vudiuvle X, in the distribution being i

considered, falls lq an interval is equal to the area under the curve

in the interval being considered, That is, the probability that

a¢ X&{b is equal to the area shown under the curve in figure (S$).

liote that since the area under the curve about the point ("x’“y) is the
greatcst, the probability that the random variable X fall in this interval
is greatar than that of an interval of equal length away from the point

("x’“y)' This is shown in figure (6).
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Univariate Density Function Univariate Density Function
Showing the Area Under Cone Showing the Areas Under Cone
sideration When Determining sideration In the Intervals
P(a €X<b), (a,b) and (c,d) where
b-a - d.c.
Figure 5 ~1-‘igure 6

1,2 Mathematical Notation

X and Y are said to have a bivariste normal distribution i{f their

joint density function, fx.Y(x,y), is given by

PP P S U (7 TS

510201

The quantity x i{s said to be an observed value of & numerical
valued random phenomenon X {f for every real number x there exists a
probability that X is la.so than or equal to x, In this problem the
observed values of the random variables X and Y are the coordinates
of the data points with respect to tha target, These coordinates can

aleo be referred to as miss distances in and across the line of sight,




“he parameters u, and uy are the mean values in the x and y

directions respectively.

The mean of a probability law is equivalent

to the expected value of the random variable with respect to the probas .

bility law, This 1s written as!

(1.2) u, = (\ [fh £, Y(x,y)dxdy

P e

(1.3) u, = 5(Y)= [[ £, y(%>y)dxdy

y o o

The mean value cannot be determined exactly in our problem even if all
of the missiles have been fired but estimates of the mean values can
be determined from the observations,
1.2.3

The expressions (x - ux) and (y = uy) are the deviations from the
mean values in the x and y directions respectively.
1.2,4

U; and V;are the standard deviations in the X and y directions
respectively, The standard deviation is defined as the square root of
the variance of the probability law, The variance Véis defined as the

second central moment of the probability law and is defined byt

(1.8) V2= [(( - B(xi)z] =z[(x- ux)z] - E(x?) - “xz

It should be noted that the mean values determine the location (ux,uy)
of the center of the normal density f{unction and the ptandard devia=
tions (% and Vy) determine the shape of the function about the mean

in the x and y directions respectively.




12,5
‘ The correlation coefficient of two jointly distributed random

variables X and Y is defined byf= QV (%)  vhere
W Y

(1.5) OV (X,Y) = E(X Y) « E(X)B(Y)

E(X ¥) = f £xyfx’Y(x,y)dxdy

The correlation coefficient provides a measure of how good a predice
tion can be formed on one of the random varisbles on the basis of the
observad value of the other random variable, In other words, i{f the
value of one of the random variables is given, the expected value of
ghe other randem variable can be determined, This may be written as

E(X)Y) where the value of Y is given, That is,

(-]
(1.6) BRIV = [ B (RI)Ex vheTe 2, (x1)

is the conditional density function of the random variable X given
the value of the random variable Y. The conditional density function
{s derived from the oconditional probability of a Jandom event A,
given a’random variable X, This notion forme the basis of t:s mathee
matical zﬁatmt of jointly distributed random variables that are
not independent,!

In the particular case where two random varl’blu X and ¥ ave
jointly novnally distributed, the conditional expected value of the
vandom variable X given tlm the undom mmu Y is some particular
value y, is a linesr tuncuou. ma linear function is related to
the orientation of the shape of the density function as showm in
Appendix A,

1 "odern Prodability Theory and Ite Applications" by Buanuel Parsen
/1/ of Stanford University.




In order to simplify the notation, it will be convenient to
represent the bivariate density function in matrix notation. The

terms in formula 1,1 are first arranged in the form

meug vty [ =t (x-u&)
N { ] e BT A ¥yl [ g
; ¢ e X V| % Y-u
(1.7) éy(xIY) QFV;W{”"E" ° Q(‘-Pa) ; ‘V; v
A
- ! exp-4 2'A2
= QA% &
vhere,, Z =(X e u
=)
4 L
f o \% AL
RERVET LY I S
A

A PV:V?)
PVR‘V’ V;l .

Using this notation, we arc now ready to look at several models

investigating the CEP and confidence interval of the CEP.

1,3 <“he Basic Problem in Estimating the CEP,
The problem of estimating the CEP is essentially that ol finding
the radius of a circle with center at (ux'“y) such that the probability

is o5 that a random point (Z,Y) will lie inside this circle, This may

be expresscd as

(1.3) PL(:(-ux)zq-(';'.u )2\< }J_ [[fx o (X y) dxey wherc £y ..(x,y)
y v is given’by

(&g vl-ayf ¢ formila (D),

8
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in order to introduce the problem, the assumptions will be made
that the mean values are zero (ux-uy-O), that the errors in the x and y
directions are independent (F w 0), and that the standard deviations
arc equal (Vx «Vy = V), The probability statement is thus simplie

ficd to

(1.9) ¢"2+V2<raj {ﬁexp- x2 4 2-} dxdy = ,5
2 V‘

W'r ;V'& -

In order to perform the integration let R? = 12 4 2 y fan@ = Y ,
' l(
Y = .sin®, { = Zcose,

Then I(Rgx) = f[ £, J(rcosq) (rsinﬂle]drdG vhere J -=ldx/dr uaxf/def= -x
"ot ! dy/kr dy/c®
Rer

ar r
f1,10) 7 (¢r ) = 1 /[r exp (- 53) dr = 1 - exp ox = ,5
2TV 2 2
o o

Therefore, the CiP = r = 1,1774,

“he problem ol estimating the CEP is thus one of obtaiaing a
function of the n sample points (xl,yl)..........(xn,yn) which will
egtimate the standard deviation ¥, The estimators are functions of
the obscrved values which are used to estimate the true values of the
parmz:etera; Tor example, 1{ m points from a sample are given, the

average or incan value is estimated by

(1011) i - xl + Xz + x3 ecessoscnne * xm

b distribution of X bucomes closely concentrated about the true

~'value u, as = becomes large.

bt sy s 2




“here are wmany ways to estimate the parameters under investigation,
and it is therefore necessary to specify certain properties which are
desired in estimators, TFor example, the distribution of the estimator
should be concentrated near the true parameter value, If ’51 and 40\2

A
different estimators of 8 with density functions £y (01) and 52(6‘2) as

are

shown in figure (9), then '&2 1s a better estimator of ¢ than 61'

£6) 1ca(fo})

The Density Fun...ons of Two Estimators
Flgure 7
Other proparties which are desired in estimators are defined as follous:
1.3:1 Relative Efficiency. The relative efficiency of two estimators
* is dofined as a r_aé_io of the mean\qgnn errors of the estima-

tors, That u)

. © (112) B, - 9)2 = R.F. vhere R.F. is the ratio function.
: Hz -
If R,Fu¢ ], then ‘3% i{s seid to be a more efficient estimate
of ¢ than 02’

1,3,2 unbiased Bstimator, An estimator, ﬁ is said to be an unbiased
estimste of the paramster § if E®) = N
1¢3:3 Oonsistent Estimator, An uumtor‘a is said to be a consistent

cstimate of O if P(e $0)*1l, asnHved

10




1.3.4 Cificlent Zstimator, The estimators which have the smallest
limiting variances are called cfficient estimators of Q.
The cstimators which will be used in the first part of this thesis are

shown in Table a,

Table a
Properties of the Estimators Used in Models I and II -
Parazcter Estimator Properties

u, X = O\ %y Unbiased, efficient, and

® =~ consistent.,

L]
A < o 2

e ] E(x « X)“| Unblased, efficient and
L 8 ’ {
% : L nel = ! consistent, ‘
L3 ;

A more detailed discussion of certain estimators under special

assunptions §s presented in Appandix B.

1.4 The lrodlem of Oependence

In the gunnoryeproblem, phe errors introduced in the line of s 1t
are due to varistions in the range and projectile initial velocity., The
ervor across the line of sight is due to bearing errors, Since bearing
ervors and range errors are independent of each other due to the fact
that they are obtained from different sources, the mathematical assucp-
tion 1is generally .mdc that thess errors are also statistically indepen-
dont, lowever, if we broaden the perspective to look at the major errors
introduced in a missile trajectory, the major errors in the line of
sight snd across ths line of sight are probably not independent of
oach othar,

This is primarily due to factors which did not especially influonce

the gunnery fire ooatrol problem such as errors in ship's navigational

11




position, errors introcduced by missile attitude during the time of
powered flight, especially at cutoff, and weather conditions over the
target,

In the gunnery problen there are two types of navigational probdlems.,
“ne first is the relative problem of firing from a moving object to
another woving target wiere the fire control problem is one of obtaine
ing relative bearings, ranges, courses, and speeds, But the firing
ship's true navigational position relative to the target is not an influ-
encing Zactor.

The sccond problem is one of shore bombardment where the ship's
navigational position is determined by visual fix, This is closely
rclated to missile launching except that the first shot in shore bombarde
méht djéé'not have to hit the target because the shore observer can tell
the ship vhat spots to apply to the generating fire control solution.
ferelfore, tinis again becomes a relative fire control problem where
errors introduced by the ship's and target's relative positions are
cofrected Oy spotting, <Ihis is not practical in long ranse missile
launching because of the inability to obtain corrected visual navigae
tional positions relative to the target due to lack of obscrvers at tiwc
target arca., '/Mhat is donc instead is that the probable crrors mwmst he
predeternined and cnough aissiles launched to give a high probability
of cestruction ol tic target complex. If we assume tuat the launching
siip is determined to be at the launch reference point then the errors

introduced are as shown in figure (81,
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Byrg = firing bearing from
ship to position target
vill have at detonation,
True Target Bearing Diagraxn
*igure 8
Jyre is proportional to { anngg
‘Lyonz

Dyrg ' is proportional to § Lxong + onngE
Lyong + Lyong

since Byrg differs from Byrg' by the errors introduced in and
across the line of sisht, the errors are reflected in the q(Ugm)s inters
polatioa couputer as errors in velocity to be gained, which have not been
entoreds  Zut the eorrors introduced are not independent because the ine
puls influence chantes in velocity to be gained in both range and cross

canne directloas as showm below:
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In the punnery problem, the weather couditions over the firing
ship's position are the same as the weather conditions over the target,
therefore thece values can be accurately estimated. <The wmissile firing
ship depends upon intelligence and weatner forecasts to predict the
inputs for target weather conditions. This information is therciore not
as accurate as in the gunnery problem. Since the errors introduced by
weather predictions influence the missile trajectory over the target,
the ree-cniry body is most likely to be -woved in any direction and the
probability that the crrors in and across the line of sight are indee
pendent of cach otier 1s low,

“he crrors introcduced by missile attitude during cutoff can best

be jllustrated by a vector ciagra




A= I’l/...'_‘. f.&(, i f't / ’f' e
a¢ Cut Ff

V. 't, .
ve mor ‘wtkaduced .

fukiwa 2T

v
Vector Dianram of Velocities at Cutoff
Figure 10

Jhe wissile attitude at cutoff can be regarded as a random variable
breause it can assume any attitude due to the [act that the requirements
to initiate cutolf are cue to past and present missile velocity and not
0 a predicted velocity at some 4 t alfter cutoff, Thus the errors introe
dueced during the At of cutoff will influence the errors in and across
i line of sigat in a rancom manner, Iherelorc, the probability that
tie crrors in and across the line of sight are indepencent is again

LOVSER o

Je coaclusion is that due to the complexity of the fire control

-
v

problen, e errors in and across the linc of sight ave probably not
inieperdent, I we approach the problem with this assunption and find
thal the incrcase in accurac; gained by tlis model is not sufficient to
S48ify the wncrease in the mathematical difficulety, tlo ifandependent
sotel can Lo e,
o5 Suwmare

Section cnn nas hefi cftd to eat up the environnent of the problem

3 Y [}

That o to ha analvzed, e hanso assuuption mazo is that the fall of

e SRR B - 1A




shot about the target is a random variable which obeys the bivariate
normal probability laws, The assumption has been made that the errors
in and across the line of 8ight are not independent and one of the
objectives of this paper is to determine the effect of this assumption

on the CEP,
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SECTION 1I

ENSITY FUNCTION CENTERED

CECERMINING TUZ CEP WITE TUE
Al MODEL I

I E
TiE TARGET

o {J

I3V
[
-

Introduction

The most important assumption made in this model is that u, and u

X y

are zero, This means that the center of the bivariate density function
fs at the target, Although this {s the desired condition, it may not be
true initially due to the complexities of the fire control problem. One
of the determinations that is made from the analysis of the firing data
is whether a correction should be made to the fire control solution to
bring the distribution of the fall of shot over the target, Therefore,
by starting with the assumption that the center of the distribution is
at the target and finding that this assumption Is wrong, it becomes
necessar& to determine and apply the correction to the fire control solu=
tion, Also, it should be noted that althougih this assumption may not be
true initially, it still may be true after correcting the initial fire
control splution. |

If the center of the distribution is close to the target, (0,0) in
the coordinate system, or suspected of being so by analysis of the test
data, the estimators determined from this model may be better estimators
than the estimators used in 'odel II in Section III, A comparison can be
wmade hetween rodel 1 and model II, using the criterion of relative effi-
c.iener o determine which model is theoretically the best., This criters
ion i8 cuplelned tn Section IIl.

In this model the errors in the x and y direction are assumed to
hbe noneindenendsnt and distributed in eccordance with the bivariate

rrobability iz2we, tThe probapility that & random point (X,Y) will lie
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within a circle of radius kvmax is equal to

(2.1) Pk, =P @7 +Y ‘kv-max)-/{fx Y(x,y)dxdy-[f 1 exp ~%2!AZdxdy
)] e

x24Y2 ¢ kT max i %2472 < V" max

where Z and A are defined in (1,7).

In order to integrate over t.his form, it is necessary to first make
a transformation to an orthogonal density function., The reason for this
is that due to the assumption ¢of noneindependence (f #0), this density
function is orjented along non-orthogonal lines'called the expected value
of X ziven Y and the expected value of Y given X or in simpler notation
E(XIY) and-E(Y/X) as defined in Section 1.2.5, This orientation is

\\‘\x\ ’ . &‘6 w py ¢
: /é’ ‘ //7/‘ \‘\,,

L]
" b
- e e
e _ '])(ELXIVJ / | / _ - EuY]
- a / -

illustrated in figures 1la and 11b,

Y ax/ig
2N

Three Dimensional Diagram of Two Dimensional Diagram of the
the Orientation of the 3ivarie Bivariate Density Function

ate Density ™inction where Formed by a Plane Parallel to
0P <1, ath+c = 309, the x,y Plane Qutting the
Density Function,

Figure lia Figure 1l1lb
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~ijs regricatation is shown to be valid byproving that

/| O
f2,2) v o= vawl o where W =(L’*, C At ( W s and 2
\Y, ‘\ O _'_;
. m’ ]
; a
5 Vo= Wt w2 o (R %) # 1Ry
) 3
Tt 2
L (RS
9\ Y
~he transformed density function thus becomes \
g!v v(ugv) = 1 exp -%W'A*’.i -
(2e4) 1 exp [-35 (_u:)z + é%z"g
A VYV - \W W/ -
e reoriented axes are now as shown in figures 12a and 12b,
"y
. 3
N N 4 <
~ \ S
"‘M‘s‘ V')_, { ~ ‘b\\'):()*\ -
o . ,-"’4“ e [N RO _\\\
/‘/ - s
R AR <7 N
/‘/ i / ) . ¢ // \\
-/‘ 1‘ / e e M Lul's - ——— . ,}, .
A E(vin) S o ans
ind - T R :) . .
_"‘_.'*__....,» IO . < A . e
/,f‘ , —— . ____.‘,.,//—-

™wo Dimensional Diagram of the
neoriented Divariate Density
function Formed by a Plane
Parallel to the u,v Flane Qutting
the Density Function,

Three Dirensional Diagram of
the xeoricnted Axes of the
Divariate Uemsity Function.

Fisure lla Figure 12b

2. N 5 gt
2 Je.aris of this txansforsation are contained in Appendix Asd.
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This transformed density function can be handled more easily
because the terms involving the correlation coefficient have been ree
moved, The probability that a point (U,V) in the new coordinate system

will lic within a circle with center at the origin and radius k Vyis

(2,5) Pk,,T)= ([’U g (usv)dudy = P(k c)- exp - d Y&'ﬂd
“\ 27" A

VU2 <KV ' Urgyr (KTy
vhere ¢ = 3:. This form is simplified in Appendix C,5 to
u
'1r

d¢

(2.6) P{k,c) = 2¢ J 1- exp{ k2 [(c2+ 1)+(c? - 1)cos¢]§

-
(c‘ ¥ D)+ = ycosd
o

The values of (k) for various values of P(k,c) and (¢) are tabulated in
tables ¢ne and two, Table one is used by entering the table with

c = g__; in order to find k., This table can only be used for P(k,c)=.5,

I‘able‘4 two is used by entering the table with ¢ = Yy and the probability

P(k,c) in order to find k. This table can be usZc:ll for various values

of P(k,C)c

2,2 Estimating the CEP using lodel 1
The first step is to find estimators forVx,Vy and @ from the n
observed f)oints (xl.yl)u........(%,y ). This is done by eomputino
the sample variancesV& ,?y » the sample covariance V’xy, and :he sample
correlation coc fticient P which are defined as fgllowss
% % v;, z A‘ﬁ% X Ve

43

A
P %%
In these formulas, Vx, V'y, and ny are unbiased estimates of Vx,Vy,

and Vxy,
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‘the transiormed estimates of the variances are computed"nex:.

A ~A A /\L.:(“. "\R
W RS R (G 0 R AL

A
\207) V(: 2 . .
eva.= +_n J(V' W;#‘/Viy
7able two. is entered wit:h P(k,c) = Sand c = W to find k.
73

The estimate of the CEP = C&By = k T

2,3 GEstimating the CEP using the Assumption that the Errors in the
x and y Directions are Independent.,

If it has been assumed that the errors in the x and y directions
are independent, an estimate of the CEP can be obtained by using the
A A

estimators in model I except that the estimated variances V'.% andV}

A A
are used instead of the estimated transformed variances V‘E and v8

A AN
c* = Tmin where min = Mn(Vx,Ty)
<gmax ’v"max - dax(§ 2,5y

P(lck,c%) = 5

Table two is entered with P(k*,c%) and c* in order to find kv,

" P
Then this estimate of the CBP = CEP} = k* YV max.

2.4 Information About the Problems,
In the problems which follow, both estimates of the CEP will be

obtained in order to compare the results in the summary in Section VI.

*

2,5 Example Problems

ihe problems, which will be used to compare methods of estimating

the CEP, have been set up in three cases. The first case will have ten
sarple points (xl,yl) ..........(xlo.yw) and {s representative of the

point in time where some initlal declsion iay be made as to whether the

21
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g atew should be accepterd, rejected, or that more tests should be
conductud, The second case will have fifteen sample points (xl,yl).....

15) vhich will include the first ten sawmple points. This is

.....(xls,y
inten’ed to represent an intermediate point in time where some terminal
segasion may be wmade on the acceptance of the weapon system, The third
case will consfét of twenty five sample points (xl,yl)........(izs,yzs).
it should be noted that as the number of observations increase, the

estluators are wmore likely to be closer to the true values, The actual

¢istrilutions of tie 25 points are shown in diagrams 1,2, and 3, fhe

cocridinates o the points are as follows:

iroblem 1 Problem Il Problem IIl Case
x y X Yy X Yy
1. '30() '1.0 '508 8.6 .’306 -1108
2. '2.2 5.’) -2.6 lac' "3'6 3.2
3. "1.0 1.3 0 1.0 -1'6 - .2
lh - 0’ 4 0(“ 1.3 1.0 '300 - o
5] 3.0 il «ls6 el,0 1.2 - 2,2 I
Se 1.0 J ) «1,0 0 ] = 1,2
70 306 ‘200 3.0 - 06 1.3 4.2
?tu 3.0 1.0 . - .4 -201‘ Ol‘ 106 i
e \)03 403 ‘ -1.0 "400 108 ob :
Wal ¢80 b o4eQ _ =2,Q SR TY <. £ ! SO
11. ) '100 "30‘0 ) 3.0 '2'6 - 3-6
12, A 4,9 0 208 106 - 06
13. .a '4.(1 !-‘2.5 '1.‘8 04 02 II
14. 2.1:' . 3.0 ' .2 ’7.0 « .lts 104
A5aj et wh 0 | =246 @ e ab 2.6
lb.: =240 o2 5,0 '5.8 w50 4,0
17. ' "200 Z.G ‘6.0 L] .3 .3‘8 .2.0
15, ' P Zel wde’s _20 ‘2‘0‘ ) w20
l...- o-'? lo’.‘ '1010 503 '100 . -1;0
210 o"‘ o-"s "‘ 06 0 - .6 .1‘.3 III
21 { 1.3 1.0 =l4bs 1.4 : 349 . o0
A%y ) ?. 5 lo . lo" ‘100 ! - o& 05-“»'
13, t . G ] 203 200 { QS -5-0 "‘n‘
e} ha2 0 2,2 5.3 i L LS N
25, .0 ~1,0 2ed  =3a6 a4 222 -




The value of the CEP obtained using the estimators from this
section will be compared to the estimates of the CEP from Sections III,
IV, and estimators which are explained in Appendix B, This comparison
will extend to the problem of rejecting outliers and the comparison
will be presented in Section VI,

Although these problems are primarily oriented at tests inwolving
the more expensive weapon systems, such as the IR3), ﬁhc environmant
can be extendad to less expensive weapon systems which will naturally
have more sample pointa, Although it was intended to make the problems
as realistic as possible, no attempt was made to utilize data from

actural miesile firings.
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vasc I, Data points and computational results.

Troblem Iy
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Data Points in Problem I, N=10
Diagram &4

Problen I, Case II.
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Data Poizte in Problem I, Nel$
Diagram 3
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rioblem I, Case 1II, ©Oata points and computational results,

AL I BT I““rv‘@a‘

2= Z%‘_. 795 T=a7
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8 8 a ,
N Uy = SX_ 106 %:3.3
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4 3;6;
A a -~
NPT Xy Vu = 3.4
A
W= 9’., s 2,7
Dependent Independent
- Model liodel
c=%. ¢ %, .83
“ Y
| k= los k= 1,08
Jata Points in Problem I, Nw25 C/f\"t :K’:‘:3.5'5' C/E\PT= /\"6\? 3'54

Diagram §

Problem II, Case I, Data points and computational results,
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SECTION III
DETERIINING THE CEP WHEN THE DENSITY FUNCITION IS CENTERED
AT THE POINT (ux,uy): SODEL II
3.1 Introduction

The most important assumption macde in model II is that if an
infinite number of tests were cgﬁducted, the mean values of x and y
would be Uy and uy respectively, This means that the center of che
bivariate normal density function is at some point (ux,uy) with respect
to ‘the target at (0,0).

If enough tests have been conducted to ascertain that this density
function is offset from the target through the utilization of the csti-
mators, then it may be possible to enter a spot ('“x"“y) to correct
the fall of shot,

In this model the errors in the x and y directions are assumed to
be non~independent but are distributed in accordance with the bivariatr;
normal probability laws,

The probability that a point (x,y) whose coordinates are chosen
at random will lie within a circle of radius kVmax with center at

) t
(ux’uy) is equal to

2.1) 1 [{(—x ~u, ) 24(Y -uy)2 4 kV'ma{l- f{f:{’y("’y)d"d’ -

Y YY) -
r(x u )4y uy) £ k Vrax

m ffxp (% 2'Aixdy

/.x-ux)z + (y-u‘,)z( k Vrax
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In ovdor to integrate over this form, it 1s necessary to first
translate the axes hefore maxing the transformation because the density
Zunction is oriented along non-orthogonal lines away from the center of

%,y coordinate system, This orientation is showm in figures 1l3a and

13b,
—— E[xiy)
// / X OXS
e i -
A7
Ve

Three Dimensional Density Function with Center at(ux,uy) vhere 0¢ ¢ 1

" Figure 13a /\&5\{\
/
T
/
- / -

-
-
H

Yy ax/s

t1lipsc formed by a Plane Parallel to the x,y Plane Qutting the Density
“unction with Center at (ux,uy)

Jigure 13b




The translation is made by subtracting the means (u,<,uy) from their
respective random variable X and V. That is simply (X = ux) and (Y « u)

y
vhere in this case the matrix-Z now becomes Z =/ = ux

V - u

b

“he transformagion is then of the same form as the one in Sectior II,

!

3,2 Estimating the CLP Using Model II

The first step is to find estimators for Ugats Ty vy’ and % from
tiie n observed points (xl,yl) (xz,yz)........(xn,yn). This is done by
first computing the sample means X,y and then corputing the sample

variances Vx,v;" the sample covariance V;y and the sample correlation

A
coefficient € as follows: Sy Sy
i - ——— - o y = --—i-
n
’ 2 ! 2
Xy = %) y, =y
X n-l y nel
A A
§.Eu0men  p. By
n-l Ux Uy

The transiormed estimates of the variances are then computed using
forrmlas (2.6), Table 1 or 2 is entered with F(k,c) = ,5 and

[a) A
ce Vv to find k. The estimate of the Cil = C.‘:I’2 - keu.

3.3 G3stimating the CBP Using the Assumptio. That the Brrors in the

X and y .Arcc:iona Are Independent,
If it ias been assumcd that the ercors in the x and y directions
are independent, an cestimate of the C3P can be obtained by using the

A A
estimators in nodel II except that tic estimated variances V’\‘z andv’y2

BON




are used instead of the estimatcd transformed variances V, and V, .

oy A D
6—""& V;“” = MIN (V;,V;)
mn vhere

Then ¢% = A

A
max VM(IX BRITR4 Y ¢ (VX, VY)
vable 1 or 2 is entered with P(k*,c*) and c* in order to find k¥,
Pl A
Then the estimate of the CEP is CEF*, = k¥ Vmax‘
3.4 Comparison of !odels I and II
If lodel I is the true situation, then the estimator defined in
Section II is the most efficient estimator, If the mean is not at 0,0),
(*odel II) then it still may be advantageous to use the estimate given
for Model I if (ux’“ y) is not too far away from the origin and if the
sample size is small. This is because two degrees of freedom are lost
in estimating (“x'“y)‘ This problem is treated in Appendix B using the
criterion of reclative efficiency,

3.5 Problem Set
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Preblewm II; Case III
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Problenm III, Case II
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SECTION 1V

REVQVING THE QUTLIER: MODEL III

This model covers the problem of outliers and attempts to show
some of the reasons for eliminating the outliers from constleration in
the determination of the estimates as well as several methods for

eliminating them, .

4,1 Introcduction to the Froblem,

The general problem of removing outliers is related to the fact
that it is desirable to obtain estimates of the parameters for the
underlying bivariate density function which are not biased by obser-
vations from a distribution different from this underlying distribu-
tion, This in tum will yleld more accurate estimates of the CEP,

It is necessary to safeguard the estimate of the CEP from the ill
effect of including information in the analysis that is not due to
variations in the popvlation of missiles, but is caused by some other
factors such as weather or human errors. It is also possible that
observatioas which have large deviations from/the other observations
may come from different distributions due uK/lmprovemenﬁ in the
migssile design., This is cspecially :rg;fdurlng the missile develope
ment stages vhere each succeeding missile has improved or different
sudsystenm components than precceding missiles. For example, an ime
proved fuel may not be correctly compensated Zor in the missile guida
ance and firc control computers or a new type switch may noi function
quize as {nitially designed, The conbination of -changes may influence
the raaze ol the nissile so that it laads farther froa the target than

nredicted, If corpensation s correcily wade for the succeeding shot,

&0




it secms reasonable that the observation for the first shot should not
be included in the determination of estimates Zor the CZP,

Also, as improved subsystems are added to the missile, it is
possible that the earlier missilés will not have the same density
function as the later missiles and thus have a different CEP. In this
case, it may become necessary to include only the later developed
missiles in the determination of the CEP, Due to the fact that the
missile development will be a continuing process with each missile
slightly different than the precceding one, it may not be easy to dise
tinguish between these distributions, This is because both distribu-
tions will have some observations close to tihe tarset and others away

from the target. The figures below may help to illustrate this point.

) .
|« -
0 N / . . \
A} / I
X I /
© A
® ® 0 X axs . ~
X
(0]
0]
X
X
Qbsarvations from Two bensity Runctions of Two
Distributions about the larget Distributions about the Target

n {irst population
0  sccoad population

Flgure l4a Fgure 14b
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It should be noted in figuré‘lab tiat distribution I has some
probability of occuring in distribution II, If this probability is
larce, it may be extremely difficult to separate the two distributions,
In fact, i it is deslired to separate the two distributions, there is
some probability that observations belonging to the underlying distrie
bhution under consideration will be removed along with the observations
from the distribution that is not being considered, Thus one of the
problens in removing outliers i{s to keep the probability, that the
observations removed as outliers which do in fact belong to the under-
lyiqg distribution, as low as possible;' If this probability is small,
it is possible that the observations belonging to the underlying dise
tribution which are still removed will have such a low probability of
occurence that their removal will still lead to a better estimate of the
paramecters. This may be especially true for small sample sizes where
once sufficiently large or small observation can totally ruin an analysis
of the cdata, Therefore, in order to eliminate an arbitrary result, it
is necessary to establish some criteria for eliminating these outlying

observations.,

4,2 Criteria for Rejection of OQutliers

laturally shots vhich land at long distances from the target can
be casily identified as wild shots or outliers with possible unknowm
errors., Jut as the observations move closer to the target, it becomes
necessar; to utlilize sowe type of probabalistic eonsideratiéu for the
relcction of outlyins observations, One w&y to approach a solution to
this problen is to set it up as a hypotliesis testing problem, Cn the

basis ol the ohsrrvations (*l'yl)""'°"'(xn’yn)' a test is made of

42
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the hypothesis that the observed point (xi’yi) belongs to the underlying
distribution, The test is then conducted for each (x;,y,) for i = 1,2,
sessseelly, One at a time. The alternate hypothesis is then that the
obscrved‘point (xi,yi) does not belong to the underlyine distribution

but to some different distribution, This can be written as:
Hyt fX,Y(xi’yi) = fXO,Yo(xi’yi) for each i = l,ee0sen,

By fX,Y(xi’yi) ) EXb,Yo(xi’yi) where: be’Yo(xi '1) is the

true underlying distribution,

The probability of a Type I error will be called v where v is the
probability of rejec:ing the hypothesis that the point (xi,yi) . oes
belong to the underlying distribution when in fact it does belong to the
underlying distribution. This can be expressed as

Prob [Type I error] = v

The probability of accepting the hypothesis that some point (x ) does

1*74
belong to the underlying distribution when the point does not belong to
the underlying distribution and is called the Probability of a Type II
error,

Thus the probability of the Type I error may bc called the risk
that the experimenter is willing to take in making a mistake by rejecting
a point (xi,y‘) as an outlier which does in fact belong to the undere
lying distribution even though the observed value does exceed some value
specified by the criteris, Naturally, it is desirable to try to keep v

small but {f v is too small then the Type Il erroi wvill increase and all

outliers will be included in the determination of the parameters,
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4,3 lethod 1 For the Rejection of Qutliers,
this method for the rejection of outliers is based on the probability
that a random point (X,Y) will lie within the ellipse Z'AZ = k, 2'AZ is

the matrix notation for the quadratic form of the dependent bivariate

normally distributed random variables X and Y, That is,

(4.1) A2 = ] E:Eﬁ ~geC¥-ux)(f-u ) + /Y-u ] and
e () C

k is defined by

(4.2) P (2':2 & k%)= f [ £y o (%,y)dxdy=lev
Z'AZ(L

Geometrically it is the probability that the point (¥%,Y) will lie

insicde the ellipse made by a plane parallel to the x,y axes cutting the

density function as shown in figure 15,

§l . e £ v
N ap =
/ _ s)/
-~ / - /
@iy e
/ _ - (u;,dy) /:/‘ b-_x axis
- 4 -
— / /{../
—
/
/
/

Offget Cllipse lade by a Planc Parallel to X,y Axes
Qtting the Density Function

Figure 15

Duc to the orientation of this density function, it is nccessary to
make the transformation to the orthogonal uyv coordinate system in order

to integrate over tils form, This tronsformation is made in the same
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manner as in Scctions II and III, The probability can now be expressed

as
?, 1 At 2 '™ . - ] -
443) P(J'.;‘nl(kl) /fgu’v(u,v)dudv JmﬂﬁV{. )/fexp( LW AM{) dudv
WATW <K W'A'W<K.a
vhere 4l = ﬁ + y_z_
v v;a
letting T2 - ﬁ + y_z_ s (4.3) reduces to
P va
® v
(4.4) P(T2< k% ) = /%exp(-—’zt:) a3
Tk

The random variable T has the Chi Squared distribution with two degrees
of freedoms The above formula is a special case of the following result,
It :i are independent and normally distribu‘ted random variables with
means uy and variances , then

Ga5) T =/ N
L

<& A

The degrees of freedom m §{s the number of incependent terms in the sum.
The density function of T, is

& exp-40)
&0 &3

(4.95) frm(t) -

- 0 t¢o

The areas under this density function are partially tabulated in Table 4.
The desired percentage of the area under this curve i{s found by entering
Table 4 wich. 1l « v and the degrecs of frecdom m,

The decicion .mle that 18 used for the elimination of outliers is
to state that an observation is an outlier whoen

3 upnosesiotion o =he Theoy;r O Stettstics” by A, i, ood /2/ of
Land fniporation,




4 2
’.‘L Vl ' -~ . /X':
(4.7) kz < =5+ =5 = ZAA’f.. for 7.+ <))
1 V(—A VV N
4.4 lethod II For the lejection Of Qutliers,
This method for the rejection of outliers is based on the probab'ility

that a random point (X,Y) will lie within a circle of radius kV_m.

tThen, letting
r= [(x - “x)z + (y - uy)zj, k is defined by

- 2 - 2 - - -

(4.8) P {[(X ux) + (Y uy) J(ky'mxg /fx'y(x,y)dxdy lev
"< ka VI-H“

Geometrically, it is the probability that the random point (X,Y) will

lie inside the circle imposed on the quadratic form made by a plane

parallel to the x,y axes which cuts the density function as shown in

Figure 16,
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Figure 16

Uue to the oricentation of this density function, it is also neces-
sary to make the transforuation to the orthogonal u,v coordinate systeu.
The geometrical areas under consideration are shown below in figure 17

for this transformed density function,

N

o . .
R ./ '
4_‘;*,___ .4___....._--.__.--.-.,,.7 . u axis
e | L ’

Illustration Showing the Circle of Interest
which 18 Imposed on the Tllipse made by a Plane
Farallel to the u,v Plane Qutting the .ensity Function

Figure 17
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It should B2 notel that this method will reject points outside the

circle But insice the cllipse which is estimated from the data points,
Therefore, unless the vaviances are equal, tils method will generally
reject points larther f{rom the target than rethod I, since soxe points
on or near the major axis will be outside the circle as shown in

figure 17. The circle is necessarily of smaller diameter than the

major axis of the ellipse unless the variances are equal and then the
circle and ellipse will be synonorous, This can be seen from the followe
ing incquality:

(4,9) 2+ y2 oo x2 4 y2 vhere 2 = nax (%%, 732)

max

The probability that the point (U,V) in the transformed coordinate

system will Yie within the circleJU2 + V2 = kVq 1is expressed as

(4.10) 1’[,}U2+V§$ kV;_} = lay = //gu v(u,v) dudv = F(k,C) where c= El’ )
»

v u2W2$ kVu Vu

This formula is the same general formula that was used for the deteraine
ation of the CZP except that .5 has now been replaced by (leV) in the
range froa .5 »1. The decision rule that is used for the eliaination

of outliers is to state that an obscrvation is an outlier when
(4.11) "l“““g - Z;Azi7k§ where kz is obtained {rom table 2 by entering

vith la¥ and the value c= e'v « It should be noted that this value

of k defincs tlic radius of th: circle centered at (“x'“y) which includes
(1= V)1007% o the bivariate probability mass, The value of k obtained
from method I defincs the ellipse which includes (1-V/)100% of the

bivariate probability nass,
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.5 Iroccdire £9yv iemovine Outliers Usin~ [ cthod I or ..cthoed 1,
ooacnal procedure to remove the outliers differs from the (ise
conston in Joctions 4,3 and 4.4 in that the probability le-VYis only

exact 1% the true values of the parameters ux,uy,v':, v‘; and vx,y are
used, It siould be noted that both procedures substitute estimates of
these paraveters {or the true values and therefore the probability of
Type I error is not exactly equal to ¥ . ‘he first step is to find
estinators fox ux,uy,vx, v'y and( from the n observed points (xl,yl)...
....(xn,yn). this can be done using either model I or model II from
Zections II and III respectively., The model used depends on which basic
assurption is mace about the. true values of the means (ux,uy). If it
is assumed that ux=uy=0. then model I can be used. If it is assumed
that u # 0, and/or u)_fo, then rodel II can be used. Also, the criterion
of rclative elficiency can be used to determine vhether model I or
vodel I1 should be used. The estimates of the parameters

Ad

25,8200 6 %
Ny¥s Vs V;, ny, » ‘4, 'v, are then computed by using the selected model.

The estimated value of the matrix A is computed next using the above

estinates, ?
J_ . -

A 3 g T

(4,12) .= 1 % % Yy

[N ) L
&% &

lormally the valueV is predetermined by the experimenter end the
outlier rejected on the basis of this value. It is advisable to delete
the outliors cne at a time until all of the data points are inside the
region prescribed by the probebility le¥ and the method used, This is
due to the fact that the estimated shape of the corve is dependent 'upon

the lata noiats and cach Ccleter point will produce some change in the
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1

ostiuate’ shape o Lae Jensity Juactions  Che first outliny is removed
by iavestigating thie peiats [arthest from the estimated mcan value

and the point (xi,yi) is celeted whose estimated quadratic form a;A;i
is oreater than k% ~ (for method I) or k% (for method II), If therc
are two or more points uaich satisfy this requirement, the point is
deleted first which hias the greatest valued quadratic form,

It i5s then necessary to recompute the estimators and use the above
procedures again, thus removing outliers one at a time, until there are
no points lzoft with estimated quadratic forms greater than k% {i=lor2).
The final estimate of the CEP is then determined fron: the cstimators
derived using the data from the remaining observations. This estimate
of the CEP will be referred to as EE} vhere the subscript i refers

23
to the number of data points removed,

4,6 Information About the Problems,

In order to illustrate the above methocds, the sample problems given
in Section 2.5 were used, odel II was chosen arbitrarily for estima-
ting the parameters for illustrative purposes. D3Doth methods of rejecte-
ing outliers were set up for each problem case but instead of rejecting
outliers with any specific probability, the tables were sct up to show
the probability that a specific data point cculd be rejected, This was

donc in order to compare the two methods.




iroblex I, <ase I.
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Jaicy
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‘ ‘ - T=CEp
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Data Points in Problem I, =10
¢ Tiarranm 22
s e
Conclusion: Z'AZ

Lata points and computational results,

Step 1. In order to reduce computas

tion, it is only necessary to find the

N .
naximum values of Z;AZ’.i in each of tuc

steps in removing the outliers,

z0 Az, =5.27, 1Az =3.32, ZrAz =3.31
107610740 CRep R %y G e e
! B ! T

leVy Eethgd 1 . .ethad 2%
K, | kS

: & [

U S N

.90 4061 j - !
.25 5,92+ b5

|
375 P 7.30 5,85 ¢

for point 10 is greatest and can be removed with

"0% probability by Method 1 and 95% probability by Method.2.

The recomputed estimators, after deleting point 10 are then

Xom o, T e L2,

A A A A
:. VK-- 20)4, 6\’7‘ 2.38’ ny- .41’ P - 006’ V&- 2.9.Vv- 2.4

i bependent
i lodel

}
]
I ¢ = 31
i

!
|

Independent
;odel §
ch = 51
k¥ = 1,08

/':* Lol
Ccr 21-2.0

atep 2.

——— e ——

the procecure should now be continued with the 9 renaining cata

points to deteraine if any of the renainine data points can be removed
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vath a speciliied protahility ¢ 905 velng wethod 1 or 5% probability

asiny mothod 2, In “his protlew there are no vore outlicrs,

Twoblew I, Casc II, Zata polnts and computational resulte,
r Step 1,
by A A
- . “iOAzm - 5.04' "'iSAZIS m 7,74
CEp
2
jl-v Metlé&od 1 :-;etizmod 2
‘ k) kz
* — &
;.;5 50:) 4. J3
I.cvs 7,38 5410
1322 0,21 7,18

Data Points in Problem 1, (=15

Diarram 23

Conclusiont 2'3;'. for cata point 13 {s greatcst and can be renmoved

with 27,57% probability by Method 1 and Nethod 2.
he recomputed cetimators aftor deleting point 13 arc then

A A A A
R - 102. '}-' " 10“). q- 2062. vy- 3,44, WY' 3.45.6‘. » 3.63. V; - 2.26'
A

P w103
Jependent mIl:u'l‘eponw‘m‘:m
.odel ,__,‘f"cl )
cm 632 cim (762
ko 34 kvm / 03¢
én-a.u & 'z”x' 2.5

.
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3tep 2, .he procedurc is now continued with the 14 remaining data

points to determine if any of the remaining points can be removed with

a specified probability of 5%,

ZY A2 m . Lok |
";.O"L'lo 553 lV _ m»_}_nlfl_e_.t:h_od 1 | et:."xcfdv 2 1
{.95 5,90 4,41 ‘

‘ 1075 | 738 5.54

Conclusion: 2'AZ fov data point 10 Is the largest and can be removed

with 957% probdability by method 2 but would not be

reroved as an outlier by method 1, For purposes of illustration, this
data point will be removed., The recomputed cstimators after removing
point 13 are

- A A A 4 -~ \
X w9, 7= l.7, e 2,47, Gw 2,71, Tm ,01, B 2,79, U= 2,37,0= 136

. g v e e e
vependent Indcpendongl

lodel Model g
T |
k =109 Lot |, 130 q
C"1’22-3 04 :l CEsz. 3-"‘#

Step 3o The procedurc is again continued with the 13 remaining data
points to dotermine i any of the remaining points can be reroved with

a specified probability of °37, In this oxample there arc no morc outlicys. 2




yroblem 1I, lase I, .Jata points and computational results

e

3

A
. step 1. 23z = 6,18
? P . PRa
! ; " i1« vethod 1 tiethod 2|
; 1 - ;-——o-.—- Bie s gt dmany b s S = - . 54 . ——— e 4w
’ i 1495 5499 o
. r—Ef 1,975 7.38 5,22
ST | |
V% I | R S L L

S A o a oy
Data Points in Problem II, lN=10

Diagram 24

VGV o St Ul ks A e betamt e s e ot wns 4 e et e s s e

© e AR

conclusions 242 for point 1 is grecatcst and can be removed with

-5% probability by methed 1 and §7.5% probedility by method 2,

e reconputaed cstimators after daleting point 1 are

R w '.5. ? - I.C' %- 2.15,?" 1.82. ey. .79.?' .201. t. 2.23.

N
v.v - 1072
Depcndent Indopendent
‘ndel Model
e = 770 ovm 894
k »1,039 k#=,083
A
Gk, w231 @31' a3y

step 2, The procodure, using the ¢ remaining points, does not reject

any rore data points in this problom,




R |
alenr 1T, Jase 1le caca poiats and computational results,
® ' A
¢ Step 1, L’i:\z = 7,33
¢ ‘ S VS . . :
; r-1---V l tethod 1 ' sethod 2 !
+ ) Kl ‘ {2 B
¢ ! Lo :
N .95 5.99 v C - :
1, ’ - q
975 7450 | - :
| . 950 - 7,07 |
,,;' ’ i P
! 0995 - - 8,30 | ;; ’
-4
' :
1
A
SIS SN W S
Data loints in Problem II, w15
Ciapgram 25
Conclusion: 2'Az for point 1 is greatest ancd can be removed with '
95% probability by method 1 and 992 probability by mathed 2.

The recomputed cstimators after deleting point 1 are

A A A A A A
;z - '05| F - “07.z. 2016. w- 2.68. “—y. -.2.(- -.03.V.:' Z.GQ’W- 2,15 '

v - s

Dependent tndepcm.!-eﬁr.
iocel Model
cw 003 e 808 _ |
k =1,076 kw080
Y Q‘l'l -
&121-2.90 2 _;}:951

step 2o The procedure using the 14 remaining points does not reject

any :oro data points,
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{
_arobles Vi, 2ase I, Jatz points and’ coagpuiational results,
2ZLEL AN, 218 fe o SenE Puldl
. e B @ -y @49 A,, -
® CER, step le o l-‘._‘ = 0,04
)’ " L s 1
/ -~ . 1 -
. ) Q‘/"/ \\f i N | N i
X ax/{ o + @ i l-y iethod 1 sethod 24
; ‘Q ¥ i’
v ® \\g f 05 5429 4al |
‘ S !
5 D @ -a . P -
N / 75| 7 5.33 |
i L -4 53 - 4.0 |
T N L B ! e
- ’,.\C_:PI
-6
\
. Y -§ a
; X -
t q . i
; bt -10
|2 % 4 - * 4 b
Data Points in Problem III, ilwl0
_ Diagramn 26
Conclusion: Z'AZ for point 1 is greatest and can be reoved with ; H
257 protability by method 1 and 97.%% probability by method 2, ) ?
The vecomputed estimators alter deleting poi 1 ave
- - A A A oA ~
=3,V el,7=- z.:y,@‘a 2,37, By = 2417, Cu 4305, Y= 2,09, %= 2.09
i Dependent Independent
PoMetzl vodel
E- e S e ———— 4,—.... - - -~
) L oth? e .g’b
Poohw o102 Nina ||
] !
|~ -\ i
|75, ~he2 Cury, = 318

step 2e Thu prouccdure uwsing tae U ovinaining poinus Jozs not reject

any more data poircs,
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‘___Emugm_,;_;;,»;aso il o.?ata points anl couputational results, o
‘ POIGE S

)
, S N Cotep 1. 2 a 8,0, 21 A% w 7,0
| S RN L 10 T
. Ca ? O
: ’ ) @/)f ; [ e S .
% " - y b ilay lethod 1 method 2
i -+ 5 ..‘.0 ...@ e M e
200 32 B 5,52 -
L e @ '/' ~4 '
O S . o |el75 7430 -
T SR M -4
! S PEA . 6e12
s - 75|
-2
H
-i%
—g" -6 ~y -3 N v

ata Tointe in rroblem 111, wels

Slagram 27

tnclustons 2087 for point 1 is arcatest and can be removed uwith
greater than 97,57 probebility Jor bhoth methoJds, Also, Foint 10 can
be removed with 957 probobility by method 1 and 99% probebility

by wethod 2, In this problei
hoth points were renoved dn this step,

‘he reco.puted catliators after deleting points'l and 10 are

-~

- A A A A A
Woaey ¥ e, e 2,20,y ~ 4317, €= ,075, %= 2,21,%= 1,39

bepenrtant Indcpondﬁnt
‘odel vodel
¢ w087 chm .f‘e
k =1,07? ki ) 099
Cil'y 82,42 czr;zu FR LY

e prosedura, ssine the 13 tualning peints, does not reject any touc

data poiuts,
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SECIICH ¥V

THE QONFIDENCE INTZRVAL OF THE CEP

5.1 Introduction

The previously introduced estimates of the CEP are all called
point estimates where the estimate of the CEP was defined by the locus
of a point moving at a constant distance (the radius) from a fixed
point (called the mean or(ux,uy». This constant distance or radius
is called the CEP. The confidence interval of the CEP attempts to
give some measure of the possible error in the estimate of the CEP,
The confidence is defined as the probability that the true value of
the CEP lies in an interval between L, and L, where L1 and L, are

functions of the random observations (xi,yi), 1 =1,2,,000ene This oxe

pression in probability notation is
.1) P, (RieeoX s¥ 000¥ ) £ CRP 5"2“‘1"'*,.°"1""'n’] =)

This interval estimate is a function of the confidence required, the

number of observations, and the estimate of the standard deviation usecd,

3:2 Obtaining the Interval Estimate
| In ovder to avoid lengthy computation in obtaining the interval
estimate, 1t is assumed that the variances are equal, That is
T e 'l
The CEP vas defined in Saction 1.3 as baing cqual to k ¥ whexe the

velug k 18 a function of the ratio of the variances and the probability

that the mean centared circle contains 50% of the hivariate density mass, "

4 Soa Section 2,1




Since the variances are assumed to be equal, the ratio of the variances
is 1, and P(k,1) = ,5, so that k = 1,1774 (from Table 1 with ¢ = 1),
Although the variances are assumed to be equal, the estimates of the
variances are not necessarily equal,

The estimate of the standard deviation will be determined by the followe
-ing two methods,

5:2,1 Determining the Confidence Interval, Method 1

, 2 T2 G2 T
In this methat. Vo * max[V; ’ Vy ] will be selected to represent V.

That is .
.2 {2- g@;&ﬂz - max[z(xﬁ;:f'} 2, 2{2{:222]

A
If Vf is divided by the true value of the parameter and multiplied by
nel, this formula becomes .

A a 2
(5.3) snllz ! : - ‘ L’ - 2 !

v-‘l. 4y Ta
Although the aum in (5,3) will not be an exact chi squared random varie.
able because it is the maximum of two chi squared random variables, an
spproximate confidence interval can be obtained by treating (5.3) as

though it were a chi squared random varisble,’

The confidence interval defined by (3.,1) thus becomes

A '\
(3:4) lew= P X;.,..&< ﬂi)_;:‘;. < Xu."'- 'g)

3 Sas Section 4,3,

EN:. 3




-

“he values of x
N-"l‘

"
,i and XA/-I,% are obtained by entering

table 4 with nel and either leot/2 or o&/2 respectively.

56202 Deternining the Confldence Interval, liethod 2,
The catlinate of the variance in this method is the average of the

tw estimates, That is

A A N N - \R
AT S e xe-% ) Y - J

If (5.5) is divided by the truc value of the parameter T2 and multiplied

by 2(n=l), the formila becomes

o\ A a -2
o N=i) 2 V'a -_L "-g) Y"Y)
(5.C) (v”! (Eﬁ; ) .V‘?x % S ]

vhere %y and yy are normally and iadependently distributed and X and ¥
are the sanple means, This formula can be reduced by letting the values
of { renge E'ro;'n 1 to n and the vaiurs of ] range fromn + 1 to 2n, Then
the forrula becomas
TR TULTIN 7} a g..(iﬁ.:.gda

v w T

vhere Bk LJ xg foxr k » lyesseceent and Ik L )’k for Kk ®m n + l,sgsesedn and

!
thare are 2(nel) squarec in the sum, Thus (5,7) has aItdutrlbution
vith 2(nel) dogrees of fresdom by the definition given in (4,3). ihe
interval astimate s determined in the same way as in (5,4) and the

formula baocoriag

A
(5.3 P j.up.h_{, (ai g cemg L
'xam-:)‘,.-&




o A ;(-1
Cho values ij(d(N-0f91 and 2(~4)'#_%iare obtained by cntering

zahle 4 with 2{nel) and either 1=&’'2 o1 X/2 respcectively, It should
be noted that this method of interval cstimation is not as conservae
tive as method 1 because the average value is always less than the

) :
maximum cfﬁE’U;.;hercforc, this intcrval estinate will be smaller,

5.3 1Illustration
The astimates of the confidence interval of the CEP used in the
follouing {llustrations were obtained with the data from Section 3
and {lexk: = 05, A comparison is made between method 1 and method 2
25 well as a variation of the tw methods where the dejaniant nstinate
TN 2 T
of the il < L&P? = k‘ﬂ4) vas substituted for 1,1774 Vg, It should be
cuprasined that none of the distribution theory used in lethod 2 liolds
— 2
~lien 33;2 is used for x ‘R4. “hercfore, it 1s hard to get a nathee
waticclly neanlngful comparison betwveen tiese methods,

‘at

Sable b shows thie various estimates of thic CEPy The best estinate

N
o the CZF is rost likely to be CEPZ fue to the basic assumptions of
A
dependence and unequal variances, The cstimate of 1,1774 v-nax is che
largest estimate of the C3P and thercefore thc nost conservative estimate

of the CIP.
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able b
T A A A\ Fumber of

Problows 1.1774V gy 11774 V‘avg vy Observations
1

Casc 1 254 3072 JoC“l- 10

Casc 2 4y 34 3,82 3,97 15

Casc 2 3445 3.26 3.28 25

2

Casc 1 4405 3.57 3.32 10

Case 2 e15 3,53 3,29 15

Case 3 4,11 3.74 3.71 25

3

Case 1 Lo42 5,00 4466 10

Case ?. [l.\.‘.‘:' - 4.21 : 3.56 15

Case 2 2,34 3.73 . 3.52 | 25 i

h ]

Tables ¢ and ¢ shwow the upper and lower hounds of the confidence

interval estimatcs,

Table ¢

Llixl....xn, yl....yn) a lover Jound of tiie Confidence Interval Estimate

Problen lethod 1 1V Method 2
- . —
L@ F T | @,ma | 11T, )| Srfe-l)
. J if"-l,l-‘y; JX”-I, 1-%a J jfl{n-l)‘ I=%4 J XJ(MI)‘I-$
Lase 1 2,55 2,51 2,82 2,76
Case 2 3.1: 2,32 3.08 3.07
Case 3 2,70 2,56 2,72 2.74
2
Zase ! 2,58 2,30 2.70 2.52
Case 2 2.03 2,47 2,%0 2.6°
Case 3 3,22 2.9 3.12 3,19
3 i
Case 1 | 2,74 ! 3,22 3473 3.53
Case 2 3.36 ! 2,50 3.35 2.33
Case 3 | 3,00 lo2s 3.11 2,94
i i
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Table ¢ e L
L2 (xl....xn, yl....yn) = "pper Bounds of the Confidence Interval Istimate
Irohlen ~ethod 1 © ethod 2
A \ ) A
1.27747 , {n-1 CiF, Vn-1 1-1774V;v,,h<“-1> CEP,¥2(n~1)
et 7 v e
. JXN-I,“/J. ﬁv-‘z,o&/;. J—xaw-:)l*/; a(N=1), %3
Case 1 7,00 6465 5,43 5,36
Case 2 5,8 .10 5.12 5,10
Case 3 4,30 4,56 4,16 4,20
2 )
Case 1 7.40 6.12 5,26 4,c
CaSC 2 6053 5034 4.78 4.60
Case 3 5.73 5,16 4,78 4475
3
Case 1 e 3450 7.30 5¢30
:{\SC 2 i 7.24 5.60 \ F.70 4.;2
Case 3 L 5035 &.:O ' 4.76 :4.50

It is noted that the lower bouncd estimates are for all practical purposcs

tuc sawe for bouih nethods, with the average difference being only .01,

Towever, the upper bound differences show that method 1 gives a greater

cstimate with the average difference being 1.5%.

conlidence intervals are conpared in Table e below,

The lengths of the

Table e

Length of the Conficdence Interval (Upper bound = Lower bound)
A o~
ich Y2 1.2 with CEr?2 le2
Problem | ictlod 1 | :.ethod 2 | Difference | !.ethod 1 | lethod 2 | Difference
1
. Case 4435 2.50 1,39 4,14 2.50 1.54
© Zase 2 285 2,04 1.5 3,23 2,03 1.25
? Casc 3 2.1‘4‘ 1044 c':?:‘ 2000 1.46 05‘.
b2
CaS(.* l 6.60 2.53 -..05 3.30 2033 1.42
Case 2 34350 2.! 1,50 .57 1,91 .
case 5 2.5 106 25 2.26 o35 o5l
2
Cas2 1 Jeld 3,33 2,53 5.29 3.33 1,25
Case 2 | 2,23 2.35 1.53 3.00 D P 1,01
Case 3 | 2,15 L 1,45 70 2,15 L 1,56 059
Avorage diffaresnce 1.4¢ X _ 1,10




It should be noted that the confidence interval becomes smaller as th.
aumber of observations increase, Tiuls inplies that the true value of
the CiP is more likely to be within a smallexr interval as the number of
observations Increase.

niagrams 28,29 and 30 show the conficdence interval using the
different estimates, The confidence intervals were obtained by using

the data Zrom case III of each of the problems,

5.4 Conclusions
A &

sethod 1, using 1.1774Vmax produces the largest estimates ana
therefore is the most conservative estimate of the confidence interval,
Jowever, 65%2 and 1.1774€}avg are likely to be better estimates of the
CEP and therefore method 2 or the approximate interval using the depen=
dent estimate EE?Z may be the best method for estimating the confidence
inteyrval, 4n apalysis of actual missile data should give a more realis-
tic insight into the best choice of methods to use in estimating the
co..ficence interval. In order to come to any definite conclusions about
the different methods, some comprehensive distribution theory problems

must be solved.
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SECTIONR VI

SULIIAR

’

.1 Introduction

The previous sections have been concerned with the development of
different types of models and methods for estimating the radius of the
mean centered circle which includes 50% of a bivariate prebability
masse This section summarizes the different models and methods used. -
in the previous sections, and includes an analysis of the rééu'it;s
obtained from problems. Although the sawple problems do not represent
actual missile test results, an attempt has been made to make the data
as realistic as possible, Therefore an analysis of the problems
should show certain relationships between the uwodels usad to estimate
the CEP that would also apply to actual nissile test data,

6.2 Comparison Cf :odel I With Model 1I.

The basic underlying assuaption made in lbiodel I war that the true
value of the mean was located at the target, (0,0). Therefore, the
CEP in this model is defined as the radius of a circle around the
target,

The basic underlying assumption made in locel II was that the true
value of the mean m;s located at some point (ux’uy) away from the
target, Therefore, the astimated CZr fer this aodel is the radius of
a circle with center at some point, (%.y).

A comparison of the estinate of the corrclation coefficient shows
that they change in much the sane manner in both mocels, As suspected,
a major Jdifference between those ao9dels is in the location of ® and ¥,

This is shewn in Dlagrass M2, 32, and 13 which iilustrate the estimates




of the Cdl's The estinate of the CiZP for problems 2 and 3 is practically
the sase in all three cases, Therefere, when the center of the distrie
bution is near the target, there ic little practical difference between
the two mocels. lowever, in »nroblem 1, the distribution of data points
is around sowe point (X,y) away from tue center. If the proceAure
given in Appendix 3 is used to estimate the ratio function, then the
values obtained inlicate that EE?Z gives the best estimate of the CEP
for a sample size of 13 in problem 1. Also, as the sample size increases
the ratio function increases, thus 6552 is also the best estimate for
n > 12, The values of R,F, obtained for problems 2 and 3 show a pre.
ference for lodel I for small sample sizes and are very tlose to 1 for
larse sasple sizes a;d therefore either estiﬁate nay be used,

These probless tond to substantiate the fact that the procedure of
vodel II is superior to the procedure of locdel I in large sample sizes,
They also suggest that if liodel I is used ir snalyzing a small number

of obscrvations, it might be advantageous to check the assumption of

mean (0,0) by computing the sample means.
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4

6.2 Couparison Cf The Independent .ind Dependent Methods Of Estimating
The CEF,.

In the introcducticon te the problem of estimating the CiP, the
assumpticn was made that the crrore in the X and y directions were not
independent, Tuis asgumption is natural unless an apriori knowledge
suggests that the errors in the x and y directions are independent.
lowever, the assumption of independence in the fire control problem is
quite difficult to justify due to its complexity., Therefore, it would
seem wise to estimate the magnitude of the error involved in assuming
independence in order to find out how much difference this assumption
vill mean in the determination of the CEF,

ii was shown in Appendix A that the true orientation of the density
function was related to the correlation coefficient, If the true shape
of the density function is oriented at some angle with respect to the
x and y axes and independence is assumed, the computed standard deviae
tion is not the best estimate of the standard deviation, Consequently
the independence assumption introduces an additional error in the
estimate of the CaP,

Table £ 1s used to illustrate sone of the important differences

in the results obtained from the problems using the two models.
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Table £

Computed Differences Betwecen lodels I and II

Differences
roblen iodel I Model Il (odel I « Model II)
nadius|2iff inl Correlll Radius|Diff in| Correl,!Radius| Est, ;Correl,
of CEP|est, of coeff.i of CZP|cst, of|coeff. |jof CEP|of coeff,
stand, A stand, A stand A
& eev. | € U G ldev. | Pl B dev. | €
. - (% -7) (Ta-Ty)
{ase 1 3.97 o860 o475 .64 W15 « 380 «33 45 +095 {
2 1 4,15 54 0206 3.7 77 221 025 023 o125 §
3 3.55 .54 .204 3|23 .32 .320 .27 .22 .0116
{ 11 . )
Cage 1 3,37 057 w454 3,33 | .81 e 626 04 | =24 [=,072
2 3.45 020 v 255 3.39 |1,06 ve395 06 |ee20 |w,l39
3 3077 .43 9031 3.71 .62 ..107 006 .019 .0076
I11
Case 1 4.32 . .63 .735 4.66 .69 "525 -.34 '006 .110
2 | 3472 | .57 «0695 3.56 | 465 «203 06 |08 [-,208
3 3.4‘0 035 0660 3052 065 0650 '012 '030 0010 :
IS S

The table shows some difference in the magnitude of the radius of

the CEP as estimated by the two models with the maximum difference being
¢33/3.27 or 8,3%. Also, the trend in the size remains constant between
the tw models, That is, as the size of the estimated CEP changes in
one model, it changes in the other model in the same dircction,

Graph 1 shows a plot of the percent difference in the independent

and dependent estinftes versus the correlation coefficient, It should be

emphasized that the points on the graph were obtatn;d from dats computed
fron the sauple problem,

The differences in the cstimates of the CBP from the problems are
showm in Diagrams 34, 35, and 36, Some of the differences were so
snall cthot rhese estimates were left otf, It is interesting to note

tuat the distxibvuticn of date 1. prodlem 3 shows alrost paerfect correlaw

tion and the astimate! differc.iaces werc also a raximun,
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6¢4 Lffects Caused By The Removal Of Qutliers,

The moat obvious effect on the CEP when ouvtuers are removed is

that the CEP becomes smallar,

llowaver, there are several other effects

which are not obvious but may be important in determining which estimae

tors can be used, Table g, using the sample problems, gives a comparison

bstween Mothod I and !fethod II and the estimates of certain parameters

bafore and after removal of outliers,

Tablae g
P -
Bffects Of Removing Outliers On &32. P, and (ﬁ-vy)
Probth P(lype I Brror) @ Correlation . | Difference in .
dent £ | scand, Dev,(&-%)
Mothod I [Method II|Before [ After [Before | After | Refore | After
outlierfoutlierjoutlier| outlier| outlier| outlien
x ad. xamoved| removed| removed| removed
: !
Case ¢ 10 003 3.64 312 +383 +039 o151 +56
2 10 03 3,87 3,04 031 136 W77 024
1t
Case 1 003 0023 3,33 1%} w626 o201 81 o34
2 03 o005 3,39 2.78 398 w03 1,06 - 52
44 ,
Case } 03 0028 4,66 3,03 0023 306 89 43
2 08 001 3,56 2,42 0903 073 o83 v29

The estimate of tha CEP was reduced by from 14% to 36% in the
problems by the removal of outliers, ,1f & probabdility of the Type I

arvor had been specified as ,03, the point rejacted as an outlier in
problem 1 would not have been rejected by the elliptical method but

wuld have been rejected by llethod 11,

Thia is because Method 1 and

Hethod 1T ave not the same and will not necessarily reject the same

pointa for the same conf!dsnce level,

are showm in Diagrams 37, 38, and M,

19

The effects of removing outliers




It should be noted that the removal of outliers may change both
the correlation coefficients and the difference between the standard
deviations in the x and vy directions, Thias is due to the large effect
that an outlier has upon the distribution parameters, Thus a large ’
correlation coefficient may be due to. the presence of an outlier and
not due to correlation between the er:or;iin the x and y directions.
Therefore, bafore the independent method of estimation is rejected, an

investigation should be made for outliers,
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TARME I

Valuas of X Jor Civen Values of o= g? CRE = 1 Vu
(¥

A0 1 L3822 4883 03350 L5837 L68T JBS1 0 L0240 GIU5 ,699
W20 ] W70 L7058 GTLD G717 G721 W25 G730 G725 G740
o330 | W73D WTED G701 G750 G772 G778 L7340 L7900 G706
40 ] WS08 G214 LT20 WC26 L8330 L8300 4843 W85l LG58
S0 | W370 G377 L3820 L3850 J896 0 002 N3 U1 W02

W73 ] o226 1,002 1,077 1,015 1,021 1,027 1,033 1,030 1,043
«30 (14038 1,0G& 1,070 1,275 1,082 1,088 1,074 1.100 1,100
S0 11,118 14126 1,130 1,136 1,142 1,148 1,154 1,120 1,146

1.00 {1,177

-~

Table I is an cxmcerrt froo a table derived ac the laval Jtapons Labordauoxy

sJahilgren, Virginie, under theo direction of layey .leingarten and

*”

As e Liloneto. “Tihelr table preseats solulicns for the value of R

i [fe [--1,’2 23 * ﬁ)] du dv = F
2RV, 0, ¢ 2 2

viere ¢ ls the circle u? ¢ v? & Kzﬁa, snd ca W Tor ce0( LO1)
i

satislylng

an'\‘- P - Q(.Oz).99.

Sec Appencix € for volume of integration,
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TABLF 2.

VALI/ES CF K CORRESFONDING TO CUMULATIVE PROBAB/LITY P

C
. |
.0 . o/ o2 . 3 . .
v / 0 Q u\ Q o“l B 2 l!.i.nnvn||4! S,

.Sooo 0.679 (0. 682 | 0.706 |92 750 [0.808& 1 ¢ F10 [ 0. 739 0. 796 | 1.058 | /. /18 7.772
w
}

0.6 o.? o.& 09 /.0

——an e o 3 U

7500 /. /50 155 | 1. /68 | 1792 | 4,237 | 5,288 | 1.381 | 7. 4285 | £.502 | ). 582 | 4. 665
000 |r.695 |1 e8| yoisy {s.e79 | 2. 699 |/ 737 7.797 | 7. 862 | /. 992 | 2.0¥2 | 2.7Y6

~

L9500 /. 9¢0 ?2<2 1.920 V 1. 989 |z2. 005 |2.036 | 2.08/ { 2.796 | 2.230 !} 2 332 2. 998
L9750 224/ Yy | 2250 | 2262 (2,281 | 2,3¢c7 | 2.3 | 2,907 | 2.7¢5 ) 2.5%0 | 2.976
L9900 2574 12, 78 | 2.589 | 2599 |2 670 2.633 | 2.665 | 2.72/5 } 2.797 | 2. #9> 3. 035

A

M
86

.I8? | 2.933 | 3.009 | 3. 77/ 3.a8s8
.0%9 F. /%0 3 206 3 327 3. 762
. 359 | 3.396 | 3.¥5) | 3.552 { 3.777

99850 2 F0) |2 £0oF | 2 81y | 2833 | 2. 838 2. 859
.?2975 3023 025 | 3, 030 {3037 |3 o052 |2 0C7/
.7790 2290 292 } 2. 297 |3 3085 |3 377 3 325

“wh
W N
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Jable 2

Coxnlete /«w?unc:znns

e e e e i i b
N Log /() e ‘Log /N I fLog AN log /(xy i Xl-ogf‘(N)
2.3} 0.000 5,01 1.330 Lle0) Co55% 17,01 13,320 23,01 21,530

!

2,1) 0.012 5.2 lJ512 11.7] 6,754 17.2; 13.564 23.,2| 21,321
2,2} 0.042 3.4 1,040 11.4f ¢,271 17.4f 13,309 23.4| 21,533
2.3} 0,006 5.0] 1,783 11,8} 7,172 17.4] 14,055 23.6] 21.365
2.,4) 2.074 5,31 1,222 11,2] 7.389% 17.2] 14,302 23,8| 22,138
2.5) 0.123 f.01 2,079 12,01 7,401 18,01 14,551 24,0) 22,412
2.61 0.155 22| 24228 12.2] 7.514 18,01 14,200 26,2 22,687
2,7; 0.183 Sed| 243381 12,4 2,028 Sok| 15,050 2444 22,202
2.8] 0.224 6.6f 2,337 12,6} 8.244 18.5] 15,301 24,6 23,238
2,91 0,201 6451 2,086 12,3 Codbl 12,3] 13,553 24.8] 23,515
3.0f 0,201 7.0 2,857 13.0f G530 12,3] 12.806 22.90) 23,792
3.1} 0,341 742{ 3.021 13.2] 3.700 12.2§ 15,060 25,2 24,070
3.2 0,324 7.41 3.137 13,4 ~.121 13.4] 156.315 25.4) 24,342
3,3! 0.423 7.6] 34356 13.5) 24344 12,08 16,370 25,6 24,223
3e4) 0.474 7.8] 3.528 13,8] te5:8 10,01 15,227 25.3] 24,302
343 04321 8.0] 3.702 1460 94724 20,07 17,085 25,01 25,130
3¢8] 04370 342} 3,372 14,2110.,021 20,21 17.343 2062] 2354472
3,71 04020 344] 44057 14,4110.242 0.4 17,802 20.4) 234754
3.8 00671 8.\3 A.237 14.5‘ 75 20'< 17,8353 2\3.6 2\3.037
351 04724 381 4,420 14,310,798 20.21 15,124 25,3f 26.321
4,01 0,778 “e01 44005 15.,0{10.°40 21,3} 18,33¢ 27.01 25,0505
4.1} 0.833 Ze2] 44792 15,211,173 21.2] 15,043 27.2f 254820
4,2} 0.88? Seb| 44v31 15.4111.407 2le4) 15,212 27:4) 27,170
4.3 0,047 | 9.6 5,72 {15.8]11.862  [21.6] 19,178 [27.6] 27.462
4.4 1,005 ve8| 54365 15.8) 114878 2l.8) 17,442 27.3} 27,749
4.5] 1,065 3.0 5.539 16,012,115 22,3] 172,709 28.0) 28,036
a6l 1,126 heo2l 50750 [16.2f120335  fzn.2] 17.o07s [28.2] 290725
4.7 1,133 0.4f 5.734 1044)1245%4 22,4] 204242 254,01 25,613
4,8] 1,251 0.6] 54154 1643124535 22,51 20,511 2545] 27,903
4,2 1,313 0.3] 6,355 Ce0]13,077 22,3| 20,780 23,3] 2:.103
5.0} 1,350 1.,3] 84557 17.0113.320 23.0] 214030 23,01 22.484
2e2] 22,775
20441 30,007
2040 30,257
22,8] 30.052
30.0] 30.%46
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TARLE 4
Cumulative Chissquare Disgribution
.005 010 »025 <030 «100 +230
N T van g e P e | e e . .
1 o0 N «0 oD 0158 102
3 0717 o115 «216 0352 « 384 1,21
4 +207 0297 484 o711 1,06 1,92
5 0412 0354 »331 1.15 1.61 2.67
6 o576 572 1.24 1,54 2,20 3445
7 0989 1,24 1,69 2,17 2,83 4,25
8 1,34 1.65 2.18 2,73 3.49 5,07
9 1,73 2,09 2,70 3,33 4,17 5,90
10 2,18 2.56 3.25 3.9 4,87 574
11 2,60 3,05 3.82 4,37 5,58 7458
12 3,07 3.57 4,40 5.23 6,30 8.44
13 3,57 4,11 5,01 5.89 7.04 7430
14 4407 4,606 5,63 5457 7.79 10,2
15 4460 5.23 6,26 7.26 8.55 11,0
15 5,14 5,81 6,91 7.96 9431 11,9
1?7 5,70 6441 7.56 8,67 10,1 12,8
18 6426 7.01 8,23 %039 10,9 13,7
19 6,84 7,63 8.91 10,1 11,7 1445
20 7.43 8,26 2439 10,9 12,4 15,5
21 8,03 8,90 10.3 11,6 13,2 16,3
22 8,04 o34 11,0 12,3 14,0 17.2
23 9426 10,2 11,7 13,1 14,3 18,1
24 2.,8¢ 10,¢ 12,4 13,8 15,7 13,0
25 10,3 11,5 13,1 14,6 16,5 1%.9
26 11,2 12,2 13,8 15.4 17.3 20,5
27 11,8 12,9 14,6 16,2 18,1 21,7 |
28 12,5 13,6 15,3 16,9 18,9 22,7
29 13,1 14,3 16,0 17,7 19,8 23,6 |
0 13,8 15,0 16,8 18,5 20,6 24,5 —J
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[ e :
j TAZLE 4 {cont) '
‘ it
t
NG {
; »500 . 750 + 500 + 950 0975 «990 . 9951
PN ;
f O L e - --..{
j 1 .455 1032 2.71 3.84 5002 \3-63 7088
L2 1,39 2.77 4461 5092 7.38 9421 10,6 |
P03 2,37 4,11 6425 7.81 2.35 11.3 12.8 i
L’l- 3.36 5039 /7.73 9.49 1101 13.3 14.9‘
§ 5 4435 5653 79424 11.1 12,8 15,1 16.7 |
C 6 5,35 7.%4 10.6 12,5 1444 16,8 18,5
. 6435 2,04 12,0 14,1 16.0 18,5 20,3
.8 7.34 10,2 13.4 15.5 17.5 20,1 22,0
9 8,34 11,4 14,7 16,9 19.0 21,7 23,6
L1 9,34 12,5 15,0 15,3 20,5 23,2 25.2 |

11 10,3 13,7 17.3 19,7 21,9 24,7 26,5 |
12 11,3 14,8 18.5 21,0 23.3 26,2 3,3 !
13 | 12,3 16,0 12.5 22.4 27 27.7 2:.8 |
14 13,3 17,1 21,1 23,7 26,1 29,1 31.3 |
15 14,3 15,2 22.3 25,0 27,5 30,6 32,8 5
16 15,3 12,4 23.5 25,3 22,8 32,0 34,3
17 ‘1603 20.5 2‘}03 27.6 30.2 33.4 35.7%
13 117,3 21,6 26,9 25,9 31,5 34,8 37,2 !
19 118,3 22,7 27,2 30.1 32,9 Ce2 38,6 !
20 ‘19.3 2303 2804 31013 34.2 3706 [‘Ooo
} !
21 | 20.3 24,9 29,5 32,7 35.5 38.9 414
?.2 !21.3 26.0 300-“1 3309 3500 6003 4208'
23 22,3 27,1 32,0 35.2 38,1 41,6 44,2 |
24 23,3 25,2 33.2 36,4 3.4 43,0 4545 |
25 24,3 23,3 KA 37.7 40,6 44,3 46,3
'o26 2543 .4 35.6 38, ¢ 41,9 45,6 43,3
27 26,2 31,5 33,7 40,1 43,2 41,0 49,6
-2 22,3 13,7 30,1 42,6 45,7 45,6 52,3
30 27,3 34,5 40,3 43,5 47,9 5049 53,7
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ATPERDIZ A

CRIENTATION aND LRANSFOLIATION OF THE BIVARIATE DIRSITY FUNCTISH

A.l1  Introduction B

Tuis appencix is concerned with the orientation of thé bivariate
normal density function cver the x,y plane, Priwarily this requires an
investigatioén of the correletion between the random variableg X and Y
and once the correlation is determined, a transformation of axes so
that the function can be Integrated more egsily.
As2 Qrientation of the Axes

If the correlation cocfficient is zero, that ;s the random variables
W and ¥ are independent, the orientation will he symmetrical with
respect to the x and y axes, This meens that a plane parallel to the

% and y plane will cut the density function in the Jorm of an ellipse

wilose minor and majior axes are parallel to the X and y axes, This is

- showt below in figure A.l, ote that if Uy = V;, the ellipse becomes a

9 .
sirele, 3
>
: /‘/" R N .
. 7 .
. / : Yy X ek
- \
\~ (ul,“yl /
<
T .

Orientation of the Ellipse Jicn P =0.
Figere A,d

I © . cuzrslacdier conificient 18 not zeru and less than plus or

~iinug 1, tie origntaticn 15 olfset [rew the X and y axes in the direction

0




| . Ay .
"‘ R .
of the J0CUYY and 2(Y)0) as shioun in JMgures Saea and 4, 2h,
2 &7 .
b8 L(} . \ 3
S X,
> 7 v ‘;\ \ <
N o TR >
/E/J‘ ~. L t( \
g / / ! S - - ,._.X\ -
A A ST
. Ug,Wy) " X opS - X ans
B e e e - Y
f i‘ . N Q(J)(‘,My)

— SN T Sy,

7 | AN
s
/ ! TIN
i P
/ L
Orientation of tho Zllipse Trientation of the Allipse
when C<PLL iien -1 P¢D
Figure L.¢2 Figure 4,2b

Y N

The .error intrduced in assuming indepencence, when the random
variables ! and 7 arc not independent is a function of the correlation
coelficient and is dve to the true ovientutlon of the Jdensity tfunction

with respoct to the x and y axes, If it 1s easuned that the errors in
pac b)

the x and y divections are independent vhen in fact they are not, an

mates ol the variaaccs.
A A

This is due to the fact that the covputation of W Ty will bLe in <he direc-
X, Ny

acditional crre: will ¢ wade in computing the est

tion of the assuwmcl axes {%,y) instead of the direction of true oricne
tation I{NIV),E(M1 7). Therelore, it becomes important te obtain soune
knowledge ¢ the truz orientation ia order to cbtain the best estimates
of the variancor, Iuis can be cdeae by obtaining cstimates of the snjles
@,3) botecen the assuued axes and the true axcs,

The fnllowing sections are devoted to the <iiflerent possible oritne

tations ive to Lo wifferent renpes of the correlation coerfficient.

Sew Wuiaciratica of the Quizatotiat of the anes

-




Ad2.l Determialng the True Crientat:en when the Correlation Coefficic
is zrro,
If P =0, the randyr variabies X and Vv are indepzndent, “herefore.
(XYY = 20D and B0 = (). fhas can be proven by determination
of eit

we the value of the conditional ewpectation directly or indirectly

using the linear predictor,

A.3.1.1 Direct Determiration of the onditional .ixpectation if(o 3.
Ihe expented velue of onc random wvariabie given the value of the ; ‘

other random variatle was defined in 3ecticn l.2.,5 as

s A T e 123

A1) YY) = [x én-[("'” dx ‘/" gy - — =TEh x€ - Tk

N -0 . s —— - - :
. e 50) R e ilz)

-

A @ xR e c g :
5 - e (v‘-() - E(X), as defmed 1N JeZrow WA
X = J
fam Vx
~oo
The E(Y)X) can bz deternined in the same way and is equal to Z(YV),. i
£43,1,2 Indirect Uetcrwination of the Concitlonal ixpectation Using the

Best Linear Fredictor,

the conditional expectatiun of one random variable given the valuc
of* the othwer rando.r variabie is a linear function of the known randor
variable uh?n botl: random variables are jointly normally distributed,
that is tpe S(CUY) = AY + 2, where A and D arc conscants which can be

ceterained, The lincar predictors for the conditional oxpectatiens undev

consideration i)l be defined a3 folious:
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o ry 2 ’
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[$3)
o
-
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~r
n

50+ SLuea()]
b

v
L'

V2,
Ex *ANS WA

vhere (I1

V)-(ﬁ
where &, o QVELY) Vxy
VA(Y) T

from 14245

In the case where @ =0 = QV(X.Y y QOV(YX,Y) «oC =C = ¢ from (A.2)
VARD _ 12

Therefore, the results become the same as in Section A,2.1l.l, That is

(Ae3) E(XIY) = E(X) and

Y/ ) = 3(Y)

. In the case that £ =0, the orientation of the axes will be as shown in

figures A,3a and A,3b below:

Orientation ol the Jensity
munction whern the Correlation
Cocfficient I8 Zcro.

Fiosure A.3a

33

Y axis
E(VYixX)

X axis
(Us, uy) E(xty)

Orientation of the Axes when
the Corrclation Coefficient
is Zoro,

Figure A.3b




Ae3.2 Determination of the Orientation if € = 1,
If P = 1. the 20U and 2(0/%) wall lie along the same axis., This

can be proven by using the best lincar predictors in formula (A.2) and

the definition of the correlation coefficient, That is

and therefore QOV(¥,Y) -JVAR(K)}VAR(Y).

Then using foruule {A.2) E(YIX =E(Y)+C1[(K~E(10]=E(Y)-C1 E(K)+CIX

vhere

= [ 7AR(Y) using the result in formula A.4. Since

TPAN N
var

(A.5) C1 = QOVL,Y

TAR(K

EC), ECY), andl—zgggz} are constants, the random variable Z(Y1X) is of
VI

the foru

(A.8) EXIM) =AY vhere A-Cl and B-E(Y)-E(K):l. The tangent of the

angle between the y axis and the line &(YI2) is

(A7) S)] = Tand = G, cx [van(y in the case where L= 1.
R vl (X

~he tansent of the angle Lotwcen the x axis and the line Z(NIY) is

doterimined in the some wvay and in this case

(A0 ‘and = C. = ’ VAL(R) in the case where P e 1, 3ince
- val(y

- 1 w 0TS, th2 linces nust be the same,




Therefore, in the case that @ = 1, the orientation of the axes will be

.,

as showm ig fizxaves A.4a and ‘L,4b below. Si
S/ X
Y . N 1}
TS -\/
. ~ ———
7 . \‘n Q *\
. A '.“\ 2@ /ﬁ\'
: ) /f‘\ -A‘ S / ik\‘ - /
§ - -~
; ; : yd
| ~ g y ‘Zf
/ [ _xavs X axis
y AN
/ /
~
v
. /
Crientation of tlin lensity Crientation of the Axes when
Tunction vwhen the Correlation the Correlation Coefficient
Coerficient is 1, is 1,
Figure .&a Figure A.4b

ASeded Determination of the Crientation of the Axes if 0< €< 1,

7 0¢ B¢ 1, the two lines EQCIY) and 2{1¥) will not be the same
or perpendicular and will be oriented as shown in figures A.5a and A,5b,
This can be proven by using the same method as in Section A.3,2, except

that

() D¢ oVl
D VAR(Y)

It follows from thie that 0 L QOV(L,Y) < VAR IVAR(Y). ‘Then using
formulas A,7 and 4,0 with the definitions of the constants in formulas

Se?y tie desired anrles are :

N ‘010) TALG = :; =

) (LT
VALY




the complete raange of possible values for the twe angles using A.O are

0¢ @ < Tan~l ’VAR X
VAR(Y

In tivis casc the orientation of the axes will be as showm in figures

(A11)  0¢ ®¢ Tan}

.'.Sa and As 5ba iy
| P y 8
7 &/
; > "-6 <
) Y
L “D
- EQ&N P
-
X o5 | #lun,uy) axj
A X s
Ve /
v
s /
- /
/ !
/ i
Crientation of the density C.ientation of the Axes vhen
Tunction when 0 < @ ¢ 1, the Correlation Coefficient
is0 <P 1,
Tieure AJSa Figure AJ55

A3y Deterndnation of the QOrientation of the axes if -1<(°< 0.

17 <1 <<, it follows from formulas A.2, 4,10 and A.11 that

)( 8¢ 0, tan"(. /va:zéxg )<¢ <o
Vr‘u( Y

In this case ti™ orientation of the axes will be as shown in Fisures

-“x.(‘»‘! ﬂnd -‘\. Gh.




Orientation of the Density - Orientation of the Axes
Function when 1< P¢ 0 when =1 ¢ €< 0,

'.Figure A, ba Figure A,5b"

As4 Illistrations
Althougzh the true ovientation of the axes will not be knowm, it

can be estimated by using the various estimators shown in table h below:

! Table -

Sstimators Used in Determining Estimated Axes Orientation
e .
Zstinmator used Value Zstimated

x 200

b B(Y)

é: VAR(X)
% VAR(Y

% R

& . AR(Y)

6‘; v OV(X,Y)

The estimated parameters in the illustrations which follow are
deterained by using the data from the example problems in Section II.
A.4,1 Illustration (1)

The data is obtained from example problem no. 1 with a semple size

of n = 25,

97
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A Pl
where C, = Vxy _ = -.05 = Tand C, = 377(1_;1 s «,04 = Tan@
R -V
6 = 176051¢ ¢ = 177031

The orientation of the axes is shown in figure A.7
—
%8
<§$>~
. \\
¢ ] ®
- — [~ _é"al'.” 1 X axs
\
\

\ / 7
\

astinmated Orientation
of the Axes

Y

"Flgure A,7

It should be noted that thé orientation of the axes in figure A,7
implies that the random variables X and Y are ncarly independent and
that the independent model of computing the CEP can be used with only
a small error due to the orientation. The computed values for the two
different estimates of the CEP are EEB&- 3.28 and fﬁﬁg— 3.25
Avb,2 Illu;tration (2)

The data obtained from problem 3 with a sample size of n = 15,

.i - ..5. ; - ..2. %“- 10.7' ?VL 15.“’ ﬁv- 11.5' E)\ - L
B0 = £ + e x-EC0) , ) = B0 + ¢, [ v-E()

98




hara o —

T —
& = 3_/::1‘)_ = 1,082 = Targ Cy = QUELY) = 755 = Tang
VAR(X) VAR(Y)
5 = 47015 @ = 3703

The orientation of the axes is shown in ficure A.8

2
5 &
S o) ) -
~v 50
s 4t
/S S
/s - &
/// ) A aX/s
' ///T(T‘Gj-'a)
- /
P /
- s
Vv s
< /
s

Bstimated Orientation of the Axes
wien Dependence is Implied

Figure A3

It should be noted that if this were the true oricntation, it
irmplics almost perfect correlation between the random variables X and
¥e this orientation will exiibit the grcatest cdifference in the estie-
rates of the CEP If independence were initially assuwed, The computed
values for the two differcat estimates of the CEP are EEFZ- 3,52 and
&y = 3.72,
Aebe3 lllustration (3)

The data for this illustration is also obtained Ffrom problem 3 with
a sanple size of n = 15, “'owever, in this case, the two outliers have

heen removed and the sawple size usad for the computation is 13,




- - A ~ q A A
R o= 08, 7 = o4, U= 3,64, V; = 4.8, Y = .32, €= 07
e — —~ - o —_—n -\
B0 = 3Q0) + i) ECY) = EQX) + CylYeE(v)]
where ~ -

c, = Vii = ,033 = Ian® Cp = VQE = ,056 = Tan{

T %
A = 503 ¢ = 3945

The orientation of the axes after removal of the outliers is shown in

g /5
figure A.9 s ‘fs

™
| ‘
!
| g (xIY)
‘ ==

e S X ax/s

Estimated Orientation of the .xes
After Removal of the Qutliers

Figure A.9

It should be noted that the removal of the outliers rotated the g
axes enough so that independence could be assumed uwith only a small error
in the estimate of the CEPs The computed values for the two different
estimates of the CCP are 1%?2- 2,42 and EE?! « 2,352, Thus the removal
of ;utliers uill not only reduce the size of the CEP but may aid in the

determinocion of whether the siupler mwodel of independent estimates

may be nsed or not,

A5 Transformation of the Axes
In order ta intejvate toraals {1,1) of Section 1, it is necessary
to transforn: the axes, Tids (raasicrwatron cen be done in several ways

100




A5e1,1

As5.1.3

AdS.l.5

A3.1,6

t\.5.1.7

but the use of matrix notation can greatly sinplify the procedure,
It is necessary to first define some of the concepts which will be used,

AeSel Definitions:

A.5.1.2,1

;‘05.1.4

a5
A' =
42

811 %12
The matrix A=(aij) where A= ) will be used for

a a
simplification, a "2

411 &
The transposed matrix is defined as A!
a a

12 22

Theorem 1, The transpose of Av=(Av)1=A

The inverse of A is defined as the matrix A"l such that

aasl =(é ?)

The identity matrix I =(1 0‘)
2 1

A symmetric matrix 1s defined as a matrix such that the

transpose of the matrix A equals A, That is

"22) (au a12)
- = A ;
822/ \ag 422 j

If C is a 2x2 matrix such that C'C = I, then C is defined

as an orthogonal matrix and C'=C-l,

A characteristic root of a 2x2 matrix A is a scalar )\ such

that AX= A X and AXe AX=0 for some vector X # 0. It follows ‘ |
that {f A is a characteristic root of A, then (A- A I)Xw0

and therefore A=A IL|= 0.
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. T,

K

S

o ek 2t S

e R Ay

S VT .
el D Doragenad matyis Tois deflned as oa sauare oatrix
wasae oD diasounal clomencs are all zovo,  Than is,
) dip O
. . N ‘s .
i1 the o..=3 18 {#j.  In this o
(O TR . .yt o o 3 i BT B
Seveist The duvadratic form 4 is defined as J=otal
A e s e - .. N - s . . .
AdDe2  The bivariate zoraal density Dunction in matrix notetion is
1 _L
LS -
I FTR e sy { v, Vx T\
Lo L lmgyy= 1 oNpe AL where A = x x

It shéulﬂ he noted that A and Al ave bSorh syrmetric sacvicos.  olas

is &= &' and A'1=(A°1}', Thus the theowew applies it {ov overy syi=
metric matrix A™D there exicts on ortuosonal matyix T sac’t tloar oyt e
where D is a diagonal matrix whose dingonai elenents ave o Cloraorsre

istic roots of A‘l. the matrix U wuld thus be

A
Do (.ol ‘El.)

1

roons of tho matris N,

In order to find the characteristic reots of A"l e st first use oo

Im=fl 3)., then I)\u(l o)»\v= (‘A o)

identity matrix
21 N '

Y
i ’

The characteristic roots of a symmetric matrix are determined Irow the
: @l -
characteristic nolynonizl EAY=]A" e AT =2

V)—(z V;Y A © = O =
V;y V'y‘ le] ..A

Wwhiaore A,:u:ik;:t:e the chavactericus

-~
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The trans’orued denalty function is

. ‘ "’W
(A12) ¢ (u,v) = "*'“"I‘T-T"y CXp --'{i w'A |
' JU,V NI /A [

‘le now Jave a normal bivarinte Jdonsity lunclion vlth Andepmndent vua

£

variables U and V such that the matrix U “(I )is distribucted {2,
U

and W = €12 where C is the ovthogonal matrix defincd which sac:is

alat® z, . [}

H :
: B - - oy I AT JUCHEE ST, COS Lo eged
the relationghip €A™ C = A% , erefove 07 le olso distrin

RECOITY

1.

-~ N At NEE S M .
aot appear in the quadragic foam 5o~ JTART for cthas distribution.

sl e
r

. e ey 2 z —_2
V;1+Wc t\/(»’xlf\’;v‘) -9 %Wy +9 Vey
A

*"1) and the orir~inal tewms invelving the corvelation censtant

‘el

ca J

Lk

’ N [ AN .. 0y o . - % "
shouls also be noted tuat o= (V.0) L V!. e oricntation of ¢

-‘.~ L P BT - - ..,-'...,I‘_‘M;‘ o ,.".'."'”.
ranlom variabios U oo VoL Whoan o erchosonsl ol manm
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VvV ax/s

! . , Il BV

, CZllipee Formed by C:tting the Zdivariate
Tormal Density FRunction (x:,v) by a Plane
Parallel to the u,v Axcs,

,,,,,,, Firure A.l

Fortunately it is not rnzcessary tc computce the orthogonal atirix

which satisfices t“e relationships above siuce the characteristics ¢f the

orthogonal rmatrix O roquires thet C'C = & and C' = cl, Then

(A14)  (H tAR(] = (S'Z AR(C'Z =(Z PTARC'(Z =(Z 'A(

but CrA~lcesw-l
therefore  (Cramlo)le(arely-lajss
=C-lag=aw
ccrlacetecancml
'

n o aCARE

™erefore, it can also be shown that tie corresponding areas under the

density functions are equal. That is

(A.15) J]fa.:.V(u,v)dudvn‘[{Ex,t'x,y)dxdy

whered 9 e la,v) = 1 xp <100

foe X, y) = i exp SN2V AZ

Adon s|ge|reny 1seg



“his is because V'A% = Z'AZ as shown above and ]A*"1{=|A"ll . It is

1a1g = a#~l and the determinates of the two terws ,

shown above that O~
are [Clacf=[ar=Y = [cfjaml] o) = an= Y] = (astf L ch=famH] =22,
| Cl

.mzersforef[q . "(u,v)dudv{ff‘_, o X y) dxdy
J U’ . -.,é

Adon a|ge|ieay 1s8g



APPENDIX B

QEMARKS ON ESTIMATION

3.1 Introduction

The theory of estimation is concerned‘with the problem of fihding
functions of the observations such that the distribution of these
functions will be concentrated as closely as possible ncar thé true
values of the parameters estimated., The density function of the obser-
vations under consideration was described in Section I and the para-
meters which are to be estimated are Uysty s T U;?and ©
Some of the properties which are desired of the estimators were
described in 3ection 1.3,
3,2 raximum Likelihood Estimation

If f(xl,xz......xn,yl,yz......yn,ux,uy, v;, vc; ) is the
density function for a random snupie of size n with unknowm paraineters

Uyl iri, V;, and € , then the likelihood function is
- 5 "

AN
@y o =] f(X:,Vx;ax,My,V;zV'f ‘)

<=

T e a0 ) (5

27T 9 % JI-er

A. =t
Since it is more convenient to deal with sums than products, it

is easier to maximize the logarithm of the likelihood function rather

- than the likelihood function itself, It should be ncted that the

logarithm has its maximum at the sawe point as does the likelthood

function. The log of (B.1) is

(3.2) L' = "///oqan‘ ‘f{"/’.‘)"{ Vi " a’ a - ’V(/ e )

M
J N f,}'_;,;g’;(_x:_,‘a 0@ (Xl (din e g Yty P
(,_(3)4\[( x / I(Vx /}(-%7", )}\W)J
|
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The maximum likelinhood estimate of each of the unknown parameters
is obtained by setting the derivative of the function with respect to
each of the unknown parameters equal to zero and then solving the
resulting equations simultaneously, To illustrate this procedure, the
assumptions will be made that V;:;V;: V‘zandf)= 0. For this special

case, formula (B8.2) becomes

N *
Ly
(B.3) L' = <N log 2T -N logV° -k } (X - “x)v_: (re «vl] 5

VR Y]

and the partial derivatives are

afLy _ [ d) 2% - )
(L L z L (-]

L) o) - SXe -
9L ;Z(X‘ W) - SXe -Miy

<3}

' N 4
UL - J0i-up - ZN-NUy

2quating the partial derivatives to zero and solving simultaneously,

it follows that,

N
(.4) U, - ‘?—%— - X
”\ 4 Ny
s & - -7
(2.6) - £ LL“X) (:-¥)],

Since maximurt 1ikelihood estimators are in general biased esti-
rators, 1t s n;t':eésai'.)' to examine them to see whether they are unbjased.
~
For example, if thc expected value of the estimator O is equal to B, 6

vhere O is the true perameter, then

107




N

(Be7) E(—g——) =6 and

(]

O

is an unbiased estimator.

o

ince F(x;) = u, and E(yi) =y For i ™ liseseeen, it follows
that X and y are unbiased estimators for u, and ug respectively, V

The expected value of the estimator in formula (B.6) is obtained |
by recognizing the fact that there are 2(n~1) independent squares in
the sum and therefore 2n Q‘alva is a chi squared random variable with
2(nel) degrees of freedon as defined in formula (4.5). Since the ex-

pected value of a chi squared random variable is equal to its degrees

of freedom, it follows that

2a
(3.8) E(Mv—z—— - 2(n-1).

Therefore,

@0 (T AV g7

2a il -3 . =3
1 ZUX&'X“*M:-)”]
and —5-'- - by 2 (V1) - is an

unbiased estimator of Vawhen the variances are equal, “When the vari.
ances are not equal, the same procedure may be used and the unbiased

estimators of ¥, and V;aare

N a

P ._-

(2.10) T - } x‘.,“
¥ 3

?";a - S(Yt"y)

& N-) *

It should be noted that the estimators (B.10) are used in todel 1l.

Also, {f the assumption is made that the true values of the means are
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zero, thon the estimators for the variances in lodel I are also unbiased.
The estimators of the weans and variance used in lodel I and lodel II
are, apart from the biasing factors, maximum likelihood estimators,

towever, it should be noted that the CEP is a function of the
standard deviation and not the variance. The followlng section will
determine unbiased estimators for the CEP using the procedure in this
section,

3.3 lUnbiased "iaximum Likelihood" Cstimate Of The CCEP: When
> R 3
W =Vy =V and £=o.

“he maximum likelihood functionof Vihen u, = uy =0 is

P / / X FY 2
(B.11) V.— = / an % (xa + Y( )

<{inze the sum in (2.11) divided by V‘ahas a chi squared distribution,
it follows that the square xoot of a chi squared rancon variable di«
vided by its degrees of frcedom has a chi distribution, The density
function of a chi distributed random variable uvith 2n degrees of free-

don is ,

A M-l ;
an® U exo (-}

[ W)

u2>o

(3012) fu(\l) -

- 4] ugo

«there /A(n) is tha gomrma function with paramater n,

.

Taen,




(3.13) E ( {7}) = M

[IW
/W 3)

A
v, -

unbiased estimate of V and therefore .

TN '//\\
(B.14)  CEPy* = 1.1774V] is an unbiased estimate of the CEP.

The maximum likelihood estimator of V when the means are not

zero is

A / L4 3
@15 Vi o= 5;2[0(&-)(”()2—)') ]
<%/
Therefore,

o E(T) - p/\(f/”;)}\f“v

and —_—

VY -
' "y TRty o)
(B,17) V. = ;(?;ff);( g[(& iz/ -Y) Jis

A

an unbiased estimate of V. Therefore
(B.18) CEP%* = 1,1774 V; is an unblased estimate of th2 CEP.

The reader may be interestod in the magnitudes of the biasing
factors and a comparison of the biased and unbiased estimators of the
C2P, The results obtained using the data from the sample problams are

presented in Tables § and j.

10
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Table 1

Comparison of the Biasing Factors of the Two Estimators

T

._ Case ' CEP?* CEP’;*

1 3, =10 /(10) = 1.01 By, =/10 /’\§92 - 1,09
i Je .
I
£
L2 B, =13/ 15) = 1.01 By, =(15 / (14)= 1.04
| Jal ¢l .
!
| 1
s By ~{25_[_(25)= 1.005 Byy =23/ (24)= 1.03
3 | 7‘?537§7‘ ; 7*TEZT§7'

Table j ]
Comparison of the Estimators with the Methods ilsed In Sections II and III
- —— ]
X . |
+Problem _ . Appgadix 3 | Section II _ . Appendix B | Sectionm III
' . CEPwx %& —%* | f%‘** CEP %%*
. | 1 1 1, 2 2 2
1 | ~ ’
. Casel | 4,20 3.97 | 4,13 ¢ 3.86 3.64 | 3.72
. Case 2 4,13 3.86 | 4,10 3.95 3,87 | 3.88
. Case 3 258 | 348 381 3.29 3.28 | 3.26
2 | | g
i Case 1 3,55 3437 t 3.50 . 3.47 333 3455
Cage 2 3.59 3.45 I 3.51 3.48 © 3439 3.52
© Case 3 3.83 3.77 | 3.78 3,78 D371 3.74
: i . :
ll 3 R § : : '
| Casel |  4.76 417 | 4,69 - 476 4466 | 5.02 =.
Case 2 4.10 3.65 | 4,03 3.2 3.56 | 42l |
Case 3

3469 3,36 3,60 3.78 3.52 !

T -

.72

Mhum me s e s e

B.4 Comparison Of The Two Bstimatess Relative Bfficiency
2
Throughout this section it is assumed that Vi‘-Vy - 7% and P = 0.
It can be proven that @;* has graatar efficiency than any other : ‘

unhiased linear sasple statistic vhen the mean value is (0,0). In case
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the mean is not zero Lut is knoim to be smail, this estimate should be

Pt T .
considave, CEPE” is asymptotically efflcient uhatever the population
: o]
mean may be, hence, if the mean is greatly different from (0,0), Cng*
: s e -
will be a better estimate than Chpy*. lowever, because 2 degrees of
freecom are lost in estimating the coordinates of the mean, the estimate
,1\ 2 n/\nu -~ »
Cafg* will not be as precisc as CEP¥* for small values of (u ,uy).
! X
9§ A A‘ . 2
In order to determine whether to use CEP¥* or CEPY* vhen it is

1

knowm that the true mean is close to (C,0), it is necessary to compare 4

the two estimates by some criterion. The method uwhich will be used is

- . : . T T .
the ratio of the relative efficiencies, len ;_rfw and CEdy® are used,

=

the ‘ormula is

N . o L
[CER™-Cepl] _ EQ(V~7)%]

-

- LIEE =
F(CERT™ -CEFY] EC(V.-7)%]

(B.19) QeF.

This comparison may be done by assuwing that the true mean is

either some point (ux,uy) or (0,0). In the casc that the assumption is

made that the true mean is (ux,uy) the joint cdensity function is
o G 1
/ / - + Y- U ) :
(Be20)  £(xyv5 uyu 7)) = W—C”‘p{— 573,[()( tUr) +0/= Ay );

When it is assumed that the true mean is (0,0), the joint density

function is

”

o * - '—-I——— - / ‘ -
(8021) u(let O,O,T ) a'n-v'a exp[ ;——V-.;(X *y )]

Tte development of the ratio assuming thet the true mean is (0,0) follous

the procedure applted in formula (B,13), The resuvlt is

-

A 3 C W ) | e
B varra ]
) )

o2 fig-r)! -

i
-
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(3.23)E[(%*‘“V)a]= [%ﬁ */]V&

~ Combining formulas (2,22) and 2,23), the ratio fuﬂction is
SN
[T s)
) - |
73

When the mean is (0,0), the ratio function in (B.24) is les. than

(B.24) ReTo =

1 for all n, Table k presents values of the ratio function for

n = 2(1)20, 25(5)50. ©P.B, .oranda tables this ratio for n = 2(1)3,

! Table k

Values Of The liatio Function When u, uy =0
n ReFe n ReFs

*- - - ———
2 o482 25 «959
3 0656 30 +965

te 4 0743 35 W07

{5 1 798 4 | 9% |

| 6 «830 45 977 §

t 7 854 50 2979

| 8 «873

' ] «837

i 10 +898 j

. 11 «908 .

12 218 ;
13| 4922 !
S U I? 4 ;
15 i 0932

iy 16 , 937

LT W90

v 13 W04 !

| 10 |

; 20 'Y i

P —

If 1€ 1o known that the truc irean is &t some point <°x"" y) then

formila (D,20) s the Sotnt deasity function of the component errors,

The R.¥e ratio for thi: case tas developua by P53, loranda in reference




A e

FRMPE G B i oy

A BN I 0 B a0 i 4 S AT R

LE S e

TR

e

(3)¢ In order to find the mean square deviation of étkg*, the same

procedure can be followed as in formula (3,13) and the result is the

-
same as formula (2:.22), The mean square error of CEPY* is a function

of u

b

and u

y

du =k VT,
an uy I<2V

Letting u be defined by

Yoo a
P(x ey

(E.zs) u =

<!

V‘u&

squared distridbution,

o loranda assumed for ease of computation that u = kl'

A

) .
T
:\E/

)

—

I

u has a nonecentral chi

Values of R,F. showm in Tablc 1 {an' - erpt fron

Tadle (2) in reference (3)) were obtained by putting k1 - kz, and vary=

ing k from 0(.1)1.0.

The rasults of thie derivation show that as n

incroascs, the ratio function decreases for a constant value of k, It

can be ascertained from :his table that for large n, carg* will be the

bast ostinate unless k equals zero and EEP{* will be best for small n

and small values of k,

The practical use of the ratio under these

assumptions require the use of estimates to obtain the values of k1

end kz and although not exact, may still supply some useful information.

(¢ o im0 ot A ek > bee b

}.....

Table }

(5 (czp, = cnr)?

|
i
i

(YT

[ LR P

T 482,487
| ,656 663
743,751
o796 4804
(830 ,838
J854  ,364
073 084

503

683
o777
834
o86Y
¢890

k'(.kz) 0,0 Ot 0.2 0.3 044

L

- mt—

530 W575

o727 4796
829,919
+893 1,00
0937 1,26
0972 1,12

+917 1,00 1,16

“z-(cnr . ci:p)2 ) S

2 :
05 046 0.7 0,8 0.9 1.0

0 e b e

630,728 .849 1.01 1.21 1.45,

+903 1,06 1,20
1,06 1.28 }
1.18
1,28
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4 possible procelure for uring Juble 1 is as fellous:

A Fa )
‘"o values of @ and ¥ are fivst computeds Ihen Vi ana Vi are come

puted using foriulas (7.11) and (2.15) respectlively. The estimated

value of k1 and kz will then cqual

a2k = F >,
Y 1 ”~
1l T+
v vhiere v‘-’.'——'a—-i—-
) -
I ’.l
2 g
v ~ . . . Lo YN
Usinz kl + k2 and u, aa analysis of tadle 1 .ay shouw vihen CIFF™
k- evassempense -
2

18 not the best estimate. The reader should bLe cautioned that no
attempt‘hns Laecn nade to thcoreiically ajustify ¢his proceduxcs

In order to better illustrate the avove, the computed values from
the example problems for case 1 ave shown in table m,

—— — -———re e eea = e -
——y

1— ' Table m , '
et o - ‘ Computed Valggg of k ,
- =T Todel T | iodel 11 ¢V o 17w D
problen [ R [Ty Tedel @ [iaced IUT T |y |y TR RIS
» - ?. vz 5 | e ——
1 1,2 | 2,0 3.5 3.2 * 303 | 4364 | L6051 L484
2 1,0 | 1] 20 2.0 3.0 1 .33 0331 .13
' |
3 6| W3 4l 402 DAl | G145 0731 L102
Analysis of Teble m !sing the Above Velues
1 for % = 444, ReTe 21 for all n Y5, therefore EEE;* is best
estinate, )
2 for k = o20, BeTo = ,217¢ 1, for n = 3, tharefore c’a?;* is
slightly better,
3 for k = 4100, ReTe w o284 <1 for u = G, CEP?* is Leteer,

3est Avzilable Copy



APPERDIN C

Li2C2MTION OF U BIVARIATE GAUSSIAN SISTRIDUTION ,’

n-.:\a.... “es Ard

e Introcuction

the integration introduced

an ¢llipse or a circle oven

-

This appendix discusses the details of
in Zections IIL aad IV, ke integration of
the bivariate noraal density function may be simplified by making the

transformacion explained in Appendix &, That is from equation {A.15)

(C-l). } s L',' o .(,})\..\x,J L f(c-,‘,.u,v)duuv vhere
S v (i,v) = 1 cxp 1 U2 + v‘rz
’ « Vv L ( Vi T ,

Ce2 Integration Qver Circle 5

The probability that a random point (U,7) will lie wit:in a circle

vith center at the origin and racius k Vuis written as

(C,2) . B( . ‘_;2 & k-\Tu ) o [[3 (u,v)du:’v .
Ly V
ml-{yl( KWy

‘Tue two illustrations in figure C.l show the geometric arca of

intcgration.

6 "Circular Zrror Probabilities" by H. Leon iarter /4/ of Aeronaue
tical Research Laboratories,
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Y anis

Integration of the Bivariate Density Function Over a Circular Region

Figure C.l
In order to sirplify equations (C,1) and (C.2) let

(Ce3) %n Mcose, ?:—,“-‘ = nsing,
then .

Qf K . o ! . L \d Va aS"”ae

P& T) TFCE [GXP{- 3-["1 o5 6 + o M ]}IJ"JIMIQ
vhere v M<K

T | 9% B =W
'
5
nov let C = VY_P ,SIN'O = |-COS*® and the probability is
"

. a k
PKE) = e //@W[- %‘;—[(c‘-l)cos‘e*/]:(”'f"do

Ml
let CO5'@=% (I + C0s30), @=a6,2+ gC»  and the probability is

P § :
P(ke)= % {[ XP(—Z [(Ce1) + (1) COSB]} d2 4¢
o
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L5000 to 2 oang the l’robability becomes

7 o Ka . 2 )

)= expr- ;/?L[(c‘u) +(C -l)(oSﬁJ)@
(c*+1) +(c*-1)Cos g

Jwen dntonrate it

i¢ .

(Co5 . dC
A 7—0/

This Zorn is integrated using the trapozoidal rule and utilizing

computers to do the integrating.

FTor exawple, the curve below represents some function that we wish

to integrate over the designated interval, e can Jdivide the interval
into cqual sub intervals (d¢) and sum all of the sub intervals., A4s the
sub intervals boeowme smaller, the accuracy of this type of integration

Lecomes better and this summation tecuinique approaches the actual area

vnder the curve.

L

Jrapozoidal Ceolinique o Intezrating Under a durve by Socmation

oy - LI T
Sloare <2

Jwr fosanlation for integration vit: n Intuvrvale tins beooues

(20d) P -

~here @ = l[
n
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I Coupatiy Tonlinl]ud s, tad

w o dina fuadtion is wusually uhanpged to

t

the ‘chebysciic:ilpolynoicial ox soue olher soheme that Converges wore

rapidly than Lhe GSLELC function.
convergence of the twe amethods,

LX) = OES = T {05k

i i

! . .
his can be shown by comparing the

If we let Wie = x = Tl(x), then

the formmla for integration now becomes

.7y P(RC) = 5

Mo
Jhis surmation is now wade for <i

Ce3 Intepratine Qver an illipse

o
(]

Zhe probability that a raado:

ac b /hExp-'ﬁ‘EECz*’)*@E’)Tmﬁﬂ

(C2r1) +L*-1) T ) ‘

fferent values of kyc, and P(k,c).

¢ point (U,V) ©vill lie within an ellipse

vithy center at i oricin is uvritten as

[J - . “-J Y 1 [J (,\{li-‘. \ Lsz + V" )}dd(‘ PY
2T Va Iy

ll
gekick

the tueo illustrations in figere C,3 show thc ceonctric avca of integration

Volume of Integration of
~ivnrlatu seasit, Junction

Lo
; \
. B \
X \\
Yangs t‘ : VRS
~e ,! ) .

allipse Jov.el by Flane Qutting
gu.v(u.v) Farallel to u,v Planc

Srure .3
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« % Srpmption,

wote that ii the variances ave equal, this lorw is also circular,
the three dimcnsional foras being a perfect bell and the two dimensional
forw being a circle,

In order to furtier siuplify this form let

(Ca3) u=mV,05, v=myV, SING, then the probability becomes

P(k,M0) = 1 exp =¥m? c where T=MVRW
T f[ [T /ma’s)
m<cK

thus,
K
- 2 .
(510) I(i,M,8) = 1 j cipfel M} mam do,
o'.7r P
Tormula <010 can be integratel! direetly by first integrating with
respect to ¥ and tlen vith respeet to me LEter integrating with respect

to &, the fonala becowes

K :
2
(Coll) Iy = fe)y‘(‘,‘;!m)...d;.:.
o

3
If we let teu”, the protability stateuent beco.es
Kt
(Cel2) 2{k,t) = ’-,;fc.\:p L dt  wvhere E,L,(:) is the ciii squared density
°
function uith tw fujrees of freedos as defined in Zowmmvla (4.5)

Jat is
3

, . - A
~ 1n ¢k = ’ P eL okt ~€C >
(v.].}) P[T; K j F[ %‘ *V:;< J , ]
For any valuc of I'(k,t) the valuc of k2 can be obtained from table 4

e cntcrin.:} vith 1{,t) and 2 desrees of freclom.
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